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Abstract

In this work an infinite family of K-loops is constructed from the reflection structure of
co-Minkowski planes and their properties are analysed.
© 2002 Elsevier Science B.V. All rights reserved.

Keywords: K-loops; Reflection structure; Quadratic spaces; Co-Minkowski planes

1. Introduction

In the first part of this work, following [5,6], co-Minkowski planes over a field K
in the sense of [3] are introduced and the idea of quadratic co-Minkowski cone is
presented.

In Section 2 it is shown that it is possible, under the assumptions that the field K
has exactly two square classes with —1 non-square, to impose a reflection structure on
the (quadratic) cone of a co-Minkowski plane; this structure is proved to be that of
a (discrete) symmetric space in the sense of [4] and, according to [2], gives rise to a
K-loop, which is proper if |K|>=7.

In Section 3 the structure of the K-loop thus obtained is studied with the extra
provision that 2 is a square in [K. This loop is always fibred in subgroups and it is

* Research carried out inside the project “Geometries and related algebraic structures” with support from
Vigoni programme 1997/98; L. Giuzzi is funded by an LN.D.A.M scholarship.
* Corresponding author.
E-mail addresses: giuzzi@dmf.bs.unicatt.it, 1.giuzzi@sussex.ac.uk (L. Giuzzi), karzel@mathematik.
tu-muenchen.de (H. Karzel).

0012-365X/02/$ - see front matter (©) 2002 Elsevier Science B.V. All rights reserved.
PII: S0012-365X(01)00396-X



162 L. Giuzzi, H. Karzell Discrete Mathematics 255 (2002) 161-179

shown that it is possible to describe its centraliser structure in a geometric way. The
last part of the work is focused on analysing the action of the structure group of the
loop on the lines of the cone.

2. Construction of co-Minkowski planes

In this work, [4] has been used as a reference for the theory of quadratic vector
spaces.
The following assumptions will be made:

1. K is a field of odd or zero characteristic;

2. the pair (¥, /') is a 3-dimensional quadratic vector space on [K;

3. the symbol o denotes the orthogonality relation induced by f on the subspaces of
V, that is, for any W<V

Wo.={xeV: f(x,y)=0 Vyew}.

2.1. Definitions
According to [5,6], a co-Minkowski plane can be defined as follows.

Definition 1. The symmetric relation ? is defined on the subspaces of V as: VI, VA <V,
N < {(0,0,0)} € {nnw, v’ Nk

Definition 2. A 5-tuple (P,L,I1,0,f) is the datum of 5 sets with the following
properties:

1. L is a subset of 27;

2. I is a symmetric relation in (P x L)U (L x P);
3. o is a symmetric relation in L X L;

4. p is a symmetric relation in P x P.

Definition 3. Assume now f to be non-trivial. An (i, j)-metric-projective derivation of
(V, f) is the 5-tuple (2%,1, 1, T) defined as follows:

2 is the set of all the i-dimensional subspaces of V;

& is the set of all the j-dimensional subspaces of V' with j#1;
I is the natural incidence relation between elements of £ and .%;
L is the @ relation restricted to ¥ x &,

T is the ! relation restricted to 2 x 2.

Definition 4. A 5-tuple W=(2, %,1, 1, T) is a metric-projective coordinate plane (mpc
plane) if there exist integers i, j€{1,2} and a quadratic space (V, f), such that U is
the (i, j)-metric-projective derivation of (7, f).
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The radical and the Witt index of the quadratic space (V, f) will be denoted, re-
spectively, by Rad(V") and Indy (V).

Definition 5. Let U be the mpc plane derived from the quadratic space (V, 1) and let
oa=dim Rad(V') and f=Indy (V) We will call U according to the following table:

(o, B) (i,])

(1,2) (2,1)
(0,0) Elliptic Elliptic
0,1) Hyperbolic Hyperbolic
(1,0) co-Euclidean Euclidean
(L1) co-Minkowski Minkowski
(2,0) Galilean Galilean.

Definition 6. A point p of an mpc plane U is isotropic if pT p.

The name derives from the fact that the isotropic points of U are exactly the points
arising from the subspaces of V' isotropic with respect to the form f.

Definition 7. Let U=(P, ¥,1, L, T) be an mpc plane, and let U CP. The trace struc-
ture of S0 along U is the structure: (U, %', I’,1’, T") where

1. Z":={InU: leZ & |INU|=2};

2. I’ is the restriction of I to (U x Z)U (L' x U);
3. 1’ is defined in &' x ¥’ as, I’1'm’ if and only if:
A meP: ILlmand I'=INU, m'=mNU,

4. T' is the restriction of T to U.

Definition 8. A co-Minkowski plane is the trace structure of a co-Minkowski mpc
plane along the set of its non-isotropic points.

2.2. A model
Following [1], it is possible to provide a model of a co-Minkowski plane as follows.
The same assumptions as before are taken.

Let A" :=(ng,n1,n2) be a fixed ordered basis of V, and consider the quadratic form
associated to the matrix

01 0
1 0 0
0 0 0
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with respect to .4". The kernel of this quadratic form is the union of the two planes
My :=(Kny + Kng) and M, := (Kny + Kny), that is

f(x,x)=0 & xeMyUM,.

Hence, it is possible to associate to every point v of V'\(MyUM;) the reflection ¥ of
axis KKv. Namely, for any v with f(v,v)#0,7 is defined to be the mapping

N { V=V,
v: fe)
X — —Xx+ Zf(v’v)v.

The following lemma is a standard result in the theory of quadratic forms.

Lemma 1. For all veV such that f(v,v)#0 and for all i€ K,

Fix 0 =Kuv;

Fix (=7)={v}";

ff:id;

To=15 if 140,

U(My)=Moy;

1€0(V,q); -
Yo cO(V,q) we have aiic™' =a(v);
x€VD s i(x)e vV ®,

XN AN R LD

For any i€ K\{0}, define K() to be the set of all the elements of K in the same
square class of i, that is

KW :={tcK: Ix€lK such that r=ix*}
and let, for any vector space V' over K
VO.={xeV: flx,x)eKV}.
The set K is defined accordingly to be {0} and, likewise, V@:={xeV: f(x,x)=0}.

Let (P, #) be the projective derivation of V, that is the linear space having as point
set

and as set of lines
R:={n(W*): W<V;dim W=2}.

Let also : V* — P; x — K*x be the usual projection map.
All the Vs are homogeneous sets and, if i 0, they do not contain (0, 0,0). Hence,
the structure of the quadratic classes can be carried onto the projective plane.
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Definition 9. Let V' be any vector space over K and let i€ K. Then,
o for i#0

PO = g(y®y,
e otherwise
PO = a1 \{(0,0,0)}).
By Lemma 1 we have:

Lemma 2. The reflection mapping " is compatible with the projection w, in the sense
that

P\P® — Aut(P, %)

— P—P,
(v) — n(v) : { 7(x) — 1(i(x)).

is well defined.

The following notation will be used:
N := (Mo N Mi\{(0,0,0)}),
PM .= U PO,
ieK*
We will also write 2, #® and #° for the sets of lines obtained as trace structures
of the projective plane (P, %) along, respectively, the sets PM, P/ and P°.
The triple (PM, #M,"|pu ) presents the same incidence structure as the co-Minkowski

plane induced by f and “|pv is ‘compatible’ with the metric structure of the latter in
the following sense:

o Vx, y,t€PM: xTy—i(x)Ti(y);
o VtePM: Fixi={p:tTp}u{t}.

In the language of [6] any line L of #M is called radical if and only if
vSea": SLL.

The previous statement amounts to ask that the image of the radical of the vector space
(V. f) belongs to a radical line; thus, it follows that the set of all radical lines of 9t
is exactly

{LeaM: LU{N}<c%}.

This implies that, given any point p€P¥, there exists exactly one radical line in
(PM, M ") passing through it; such a line will be denoted by the symbol p,N.
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2.3. Co-Minkowski cones

Since by Lemma 1, point (8), for any p€ P and for any i€ [K* the restriction of
p to P is a permutation of P, it is possible to state the definition that follows:

Definition 10.
e a co-Minkowski cone is any triple (P, 20, |pa)) with i€ K*;
o the triple (P, 2, "|py) =: (P*, %", |p+ is called quadratic co-Minkowski cone.

Definition 11. The trace of a radical line of (P™, %#M) along the set P is a long line
of the cone (P, 2", "|pw); the trace of a non-radical line is called a short line.

From now on, the following extra assumptions will be made on K:

1. there are only two square classes in [K;
2. —1 is a non-square in [,

that is
K:=KOU{o}uK=b,

Remark. If K is finite the existence of two square classes is immediate and the con-
dition that —1 is a non-square is equivalent to ask |IK| I(mod 4).

Our main concern will be with what happens in the quadratic co-Minkowski cone;
however, all the geometric constructions can be applied also to (P(—D, (=D "|p).

In order to simplify the notation, where no confusion is expected to arise, the re-
striction “|p+ will be written simply as " .

3. The reflection structure

If €K, then there exists exactly two square roots ry,7; €[ of ¢ with rj=—r,.
By the assumptions that —1 is a non-square in K and that there are no more than two
square classes, one of the r;’s is always a square.

The symbol /¢ will be used for denoting the solution of the equation x> — =0 that
is a square.

3.1. Canonical representations

It is possible to provide a canonical representation of the points of the cone P+.
This, done in the following lemma, is aimed at simplifying successive computations.

Lemma 3. Let p=K*(a,b,c) be a point of P*, and suppose 2 to be a square in K.
Then there exists a unique («, )€ K™ x I such that

(o, 0", B)eK*(a, b, c).
On the other hand, if p=K*(a,a™',c), for any a,c€K, then pcP™.
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Proof. By hypothesis, KV =K®). Since pcP*, then ¢(p):= f(p, p)=2abcK?® and,
from the latter, abeK®. If acK®D, let p’:=(1/Vab)(a,b,c); otherwise define
p'=—(1/Vab)(a,b,c). Then K* p’=K*(a,b,c), and p’ satisfies the required prop-
erties. The inverse is an immediate consequence of the fact that aa~'=1e K", O

For the rest of this work, 2 will be assumed to be a square in [K; the points of P*
will also be always denoted by their canonical representatives.
The reflection p(x) can be described in the following way, using the canonical
representation:
p(x) = (po. py > p2)(x0.xp ' x2)
= —(x0,%y %) + (poxg ' + po '%0)(pos py ' p2)

= (—xo+ pglxg " +x0.—xg" + x5 + pgx0. p2poxy | + papy 'Xo — x2)

3.2. Operation construction
Let o be the point (1,1,0) of P™.

Lemma 4. For all x=(xo,x,"',x2)EP* there exists one and only one peP* such
that p(x)=o.

Proof. By construction xy can be taken as a square.
From the description of p, the following relation has to be satisfied:

(pé xo zp% + x5
X0 PoXxo

) =(1,1,0),

X0+/X0 x\/JTo

X0 +x(2): 14x

P2=Xx3

This proves the lemma. [

Since © can be seen as a reflection of centre v in P*, the previous lemma is actually
a definition of the ‘mid point’ between any point p€P* and the fixed point o.
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Definition 12. Let 0:=(1,1,0)eP*. For all peP™*, let p’€P* be the unique point
such that p’(o)= p. The mapping p,:PT — PT is defined as the one that for any
x€PT acts as

p+(x) = p'o(x).
For any a,beP*, we also define their ‘sum’ as
a+b:=a.(b).
Observe that in general a + b#b + a.

Lemma 5. For all ac P, it is true that a+o=o0+a=a.

Proof. On the left-hand side the computation of o 4 a yields
o+ a=o.(a)=06(a)=id(a)=a

on the other side, a + o is
a+o0=d6(0)=d(0)=a.

The result follows. [

The following theorem provides an explicit formula for computing the operation +
between two points given in canonical form.

Theorem 6. Let a,b be two points of PT. Then the point a+ b has as representative

aogby + 1/b0>

1
b= by, —,b
a—+ <aoo o+ ap 1+ a0

boayg

Proof. We know by Lemma 4 that

1 a
‘(v merts)
and that
ob)= (1,b0,—b2> .
bo
Hence,

1 1 b
at bimdo(b) = <a0b0,a,bz+az Vao <ao+) b )
(V1240]

b L+ ao B2 ) ao

1 b 1/b
_ (aobo’,bz +a2“00+/0>, o

a()b() 1+ ao
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By using this formula it is possible to consider when the operation is associative.
Indeed,

1
a+((b+c)= <aoboco, —. 0+ b

boco + 1/co aoboco + 1/bocy
a()boC() 1 + bO

% 14+ ap

while

aopbg + 1/b0> apboco + 1/6‘0)

1
b = b _— b
(a+b)+c (Clo oCo,aObOCO,Cz—F( 2+ ar 1T ay 1 T aobo

whence it follows

((a+b)+c)—(a+(b+c¢))

boco + 1/cq p apboco + 1/1)06’0
1+ by T 1+a

= (O, 0,5,

() 4 q,%0b0 F 1/bo '\ aoboco + 1/cq
2 2 1+ ap 1 4 apby
—(0.0.5, boco + 1/cq _ aogboco + 1/cq
1+ b() 1+ Clob()

+

4 (aoboco + 1/bgco)(1 + aobg) — (agbo + 1/bg)(aoboco + 1/Co)>
? (1+ ao)(1 + aoho)

B boco(1 — ag) + bo((ao — 1)/co)
(QQ“ (1 + bo)(1 + aobo)

apboco — agco + ap((1 — bo)/00)>
(1 4+ ao)(1 4+ aobo)

ap

co — 1/co
(1 +b0)(1 +Clob0)

= (O, 0,b0b2(1 — ao)

co— l/co
—apar(1 — bo)(1 T ao)(1 +aobo)>

_ (O o, (oba(l — a0)(1 + ao) — agax(l — bo)(1 + bo))(co — 1/6’0)_)
T (1+a0)(1+b0)(1+a0b0)

- Cco — 1/C() 2y 72
B <O’O’ (1 +ao)(1 + bo)(1 + aobo)(bObz(1 %) — aoar(l bo))) .

If an ordered triple (a, b,c)€P*3 is said to associate whenever a+(b+c)=(a+b)+c,
it is possible to synthesize the previous computation in the following lemma.
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Lemma 7. A triple (a,b,c)€P*? associates if and only if either one of the following
two conditions is satisfied.

1. cozé that is co=1;
2. bobz(l - a(z)):aoaz(l - bé)

>

An immediate consequence of Lemma 7 is that in general ‘4’ is non-associative;

hence, (P*,+) is not a group.

Lemma 8. For any c€P™", there exists one and only one beP™ such that:
c+b=b+c=o.

Such an element b will be written as —c.

Proof. In order for b to be a right inverse of a, it has to satisfy

1. aob():l <—>a0:bal,

bo+1/b 1
2r. by + @yl = by = —ay 9 s by =—a.

If it is a left inverse, on the other hand, it has to be such that

1. aghp=1<ag=b; ",

bo+1 1+b
20 ay + by B — (0 s gy = —by 2 s gy = by,

The lemma follows by comparing the conditions 21 and 2r. [

3.3. Loops

Definition 13. An algebraic structure (L,+) is called a loop if the following conditions
hold true:

1. dJo€l: YacLl: a+o=0+a=a;

2. Va,bel: 3(x,y)EL? such that: {“”:b’

y+a=b.

A loop is proper if it is not a group.
If a loop is proper, we shall write —a for the only solution of the equation x +a=o,
while ¢~ will indicate the solution of @ +x=o.

Definition 14. Let (L,+) be a loop; for any a€ L consider the mapping

+. JL—=L,
a':
X—a-+x.

Define now 4,5 to be, for any two elements a,b€L,

L—1L,
5,1’1, = {x - 5a,b(x) = (((a + b)+)71a+b+)(x).
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The 6,,5’s measure how much a loop is not a group.

Definition 15. The structure group 4 of a loop (L,+) is the group generated by all
the 0,’s as a,be L.
Definition 16. A loop (L,+) is a K-loop if the following are satisfied:

1. Ya,beL: 6,pcAut(L,+),
2. (—a) + (=b)=—(a + b) (automorphic inverse property),
3. 5a,b:5a,b+a'

Observe that if a K-loop is a group, then, by (2), it is commutative.
From the Lemma 1, points (5) and (6) and the Lemma 2 it is possible to deduce
the following result.

Lemma 9. For all a,bcPT,
a(b)=adba.
With this remark it is possible to prove the main theorem of this section.
Theorem 10. The algebraic structure (P, +) is a proper K-loop.

Proof. From Lemmas 5 and 8 it follows that (P*,+) is at least a loop.
By [2], the condition in Lemma 9 is enough to prove that a loop is indeed a K
-loop, whence the result. [

The smallest example under our assumptions, is provided when starting from the
field K=GF(7); this produces a proper K-loop of 21 elements.

It is however worthwhile to remark that so far no finiteness hypothesis has been
necessary. In fact, if I is finite the only conditions that have been used are:

1. —1 non-square, !
2. 2 square.

Thus we have actually provided an example of an infinite family of finite K-loops.

Remark. For any triple p,q,x the §’s can be written explicitly as

qoxo + 1/xo p, P0d0%0 + 1/qox0
14+ qo 14+ po

1
5p,q(x) = <x07 » X2 + 92
X0

n (x L] ) =492 — p2(pogo + (1/g0)/(1 + Po)))
"7 Pogoxo 14+ 1/90 po '

! This yields that the characteristic has to be odd, since it implies 1# —1.
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It follows that every o, , acts as the identity on the first two components of any
point p. Since the quadratic form ¢ depends only on these components, it follows that
all the 0’s preserve orthogonality as well.

4. The line structure

In this section, (P*,+) will be assumed to be a K-loop, constructed from a co-
Minkowski cone as presented before.

Aim of this section is to show the interplay between the algebraic properties of the
loop and the geometry of the structure (P*,27",").

For every b=(bg, 1/by,b>)€P* define the centraliser of b to be the set

Z(b):={xeP": x+b=b+x}.
Let also
Z(b):={xeP": x+b=b+x}.
Let also
Zi(b):={(1/by, by, 1): teK}

and
1. for by #1,

{rr vesc (1105 0)
Z5(b) ;= L(b,t): teK”, where L(b,t):= |11/t gb) |,

t
— b2b0 .
o=

2. for by=1,
Zy(b)={—b}.

Theorem 11. For any beP*:
Z(b)=Z,(b)U Zs(b)

and
Zy(b)NZr(b)={(-D)}.

Now let b be a point with by # 1, and consider the equation of the line between a
point of the form b, =L(b,t), for some 1€K?), and o. Let p be a generic point on
0,by\{o}. After a normalisation, such a point can be written in the form

1 2.1
Rt ) (u+t)t’\/ut+ (12 = Dbsby

pt+ 17\ (u+ 0 Ju+iy/u+ Wib - 1) |’
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where u is a parameter that varies in the set

U+t 2
D)=L nel: ———ek®}.
(t) {u . }

We claim that as p varies in D(z), the first component of R(b,t, 1) assumes all possible
values for a point of P*. In fact, the relation

(p+ o)

uo+1 b

makes sense only when u —1/o. Indeed, when u=—1/o, the second coordinate of
the point p=R(b,t,u) would be zero, against the assumption peP*. Moreover, since

_ b=
U

the before mentioned relation can be solved for all € K®), €K, with f# 1.

On the other hand, f=1 corresponds to the only point on the line that has the first
two components equal to 1, that is o, against the hypothesis.

The symbol R(b,t,u)y will be used in order to denote the first component of the
vector R(b,t, ). Consider now the point L(b,R(b,t, 1t)o).

After a formal substitution, the formula becomes

—1
L(b,R(b, 1, 1)) = <\/ M#:;/t’ <\/uﬂ++1t/t) ’

((u+1)/(u+1/1) — D)bybo
V(e +0)/(u+ 1/t)(bo — 1)(1 + bo)
The first two components are by construction the same as those of the point R(b, ¢, pt);

we claim that also R(b,t, 1), =L(b,R(b,t,1t)y),. In fact, this is the same as to verify
the relation

(4 0)/(u+1/1) = Dbabo (t* — Dbaby —0
(n+0/(u+1/0)(bo = DA +bo) /(i + O+ 1/)t(bo — 1)(bo + 1)

to be identically satisfied.
Given that

(4 )a=Puo+ 1) pe(1 — B)=p — o = p

(t2 — 1)bybg
V(e + D)+ 1/0)t(bo — 1)(bo + 1)
(I — 1/t)b2b0

- Vit O/ + 1) (bo = 1)(bo + D(pe + 1/8)’
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the previous equation simplifies to
(Lo )l
(u+1/1) u+ 1/t

and the latter is true for all allowed values of u,t, by and b,.

Finally, since for any given ¢’, as u varies in D(¢"), R(b, t, ;t)o assumes all the possible
values among the squares of [,

Zy(b) = {R(b,t', n): neD')YU{o} =b,oNPT.

On the other hand, the set Z;(b) is a line of P passing through —b, and, by considering
that the radical N of the quadratic form f is the class [(0,0, 1)], it follows that Z;(b)
is, in fact, the line —b, N of the co-Minkowski cone.

Theorem 12. For any beP™ with by # 1, the set Zy(b) is an Abelian group isomorphic
to the multiplicative group of the squares of K; if boy=1, then Z(b) is also an Abelian
group, isomorphic to the additive group of K.

Proof. If m,ncZ,(b), then there exist ¢;,, € K such that
m=(t,1/t1,L(b,t1)), n=(t,1/t,L(b,17)).

If o€{m,n}, then m + ne€ {m,n} C Zy(b).
Suppose o ¢ {m,n}. Since Z,(b) is the line o, b,

{m,n} C Zy(b)=0,b < Zy(m)=0,m=0,b=0,1=2Zy(n).
It follows:

m+n=n-+ m.

Moreover,
tht + 1/t
L(b, 1) =L(b, ) + L(b, 1) 121/
1414
implies
1 Lty + 1/t
= | titr, —,L(b, ¢ L(b,t}))——————
m+n (12,[1t2, (b, 1) + L(b,11) 1

= (t1t5, L(b,1112)) € Z(b).

On the other hand, Z,(b) is closed under composition and contains o; hence, it must
be an Abelian sub-K-loop of (P*,+), whence we deduce that it is a group.
The first part of the theorem now follows from the fact that the projection

{ Zy(b) — K,

(X05 35 X2) = X0

W :

is a group isomorphism.
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If by=1, then Z;(b)={(1, 1,¢): t€ K}, that immediately implies that Z;(b) ~ (I, +),
whence the second part of the thesis. [

Definition 17. A loop (L,+) is fibred in sub-groups if and only if there exists a set
Z such that:

1. VXeZ: X CL is a non-trivial group;
2. L¢ 7,
3. VieL\{o},INX €F: t€X.

The elements of Z will be called fibres of the loop.
Theorem 12 can be restated as follows.

Theorem 13. The loop (P*,+) is fibred in subgroups, the fibres being the lines o, p,
Sfor pePt\{o}.

Assume now K to be a finite field GF(g) with ¢ odd. Half of its non-zero elements
are squares; hence, for any b€ P* different form o the following cardinalities can be
computed:

09N|:|_b’N|:qn

qg—1

|b70|: 2

Lemma 14. Given any point peP*, there are exactly q + 1 lines of (P, %%) it
belongs to.

Proof. The order of p in P is g + 1; and this provides an upper bound for its order
in the trace structure P,
Suppose first po#1, and consider the line

o, N :={(1,1,t): tekK}.

By construction, p ¢ o,N and |o,7N| =g. On the other hand, since (P, %%) is a linear
space, that there are exactly ¢ lines through a intersecting o, N.

Let U, W be the two lines in # such that p, N CU and o,NCW. Then UNW ={N}
¢ PT, and the line p,N of P" is not one of those counted before. The consequence
of this argument is that there are at least ¢+ 1 lines of P passing through p, and the
theorem follows.

Exactly, the same technique can be used in the case p;=1, by just replacing o, N
with ¢, N, with g¢o,N. [

Corollary 15. Let pcP", and suppose R to be a line of Pt such that peR and
R+# p,N. Then for all reP™:

rnNNR#().
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Proof. If per,N, the corollary is trivial. If p¢r,N, then there are exactly ¢ distinct
lines through p incident with »,N. It follows that there is only one more line through
p, and that has to be p,N, not incident with »,N in P*. By hypothesis, R# p,N;
hence, R has to belong to the set of the lines incident with r,N. [

The following lemma is of more interest.

Lemma 16. For any point acP™", the only line of R" through it with g points is the
radical one, that is a,N, all the others having cardinality (¢ — 1)/2.

Proof. Let R be a line through a different from a,N. By the previous corollary, R
intersects all the lines of the form p,N for any peP*. Since each of those lines has
cardinality g,

[Rlg=|P"].
On the other hand,
Pr=g
whence the thesis. [
Define, for any ac P+
Ag:={04p: bEO,N}.
Lemma 17. For any acP*: A, is a group, isomorphic to o,N, that is (I, +).

Proof. Let b,cco,N. By direct computation,

1 1
SupOuc(x) = ( x0, 130,32 + M(bz T+ azw
2 1 +a
Xo + l/a()x()
—(b Yo T 1/doXo
(by+ 2+ ar) T+ 1/ag )

= 04,(1,1,by+¢,)(X) = Oq p+c(X),
that proves the thesis. [J

Lemma 18. Given a,c€Pt\o,N, there exists exactly one b€o,N such that

0,C=04,5(0,a).

Proof. Let O’ be the set of all the lines through o different from o, N.
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Since the point b can, by hypothesis, be represented as (1, 1,5;), it is possible to
write Jd, 5 as

1 1 bya? —2b -2 b
Sutot (@) = [(ao, Lo hag — 2axag + 2)] ‘
ap 2 agp

The d,,5’s are all collineations of P*. Since the element o is the identity of the loop
(P*,-), it is fixed by any of the §’s; moreover, the formula for d, , implies that a & o, N
causes 0,5(a) ¢ 0,N. Hence, given n€ 4, and L€ ', then (L)€ O’. The latter can be
expressed by saying that 4, is a group that acts in a natural way on the set O'.

In order to prove the lemma it is now enough to verify the regularity of the group
A, on ', This property is equivalent to prove that, for any element 0,a=:L€’, the
application

4, =90,
oL 5a,h - 5a,bL

is bijective.
The injectivity is a consequence of the fact that from
byal — 2byag — 2azag + by = bha} — 2bhag — 2azag + b
& (by — bb)(ag — 2a0 + 1)=0,
it follows by =05 or (ag — 1)?=0, that is ap=1 or b'=b, and the case ap=1 implies
aco,N, against the hypothesis.

Surjectivity can be seen by just looking at the third component of b, given that there
are no restrictions on b,. O

In the previous proof the following result has been obtained as well.
Corollary 19. For all ac P+, bco,N
dap(a)€a,N.
Lemma 20. For any line L=a,N, different from o,N
Ap = {04 p: a€l,bco,N}

is an Abelian group isomorphic to o,N, acting regularly on the set O'. Moreover,
Ap=A4, for any a€L.

Proof. Let O’ be as in Lemma 18.
For any a,ceP*,beo,N,

1 1 —2cyco — 2cac0ap — sz(Z) + bza()C% + by — bray
0a,p(c)= | co, —,—3
co 2 co(1 +ao)
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and similarly,

1 1b 2 _ 2b -2 b
0c,p(c) = (Co, —, -2 o — 2¢2¢0 + 2> .
co 2

Co

The two images coincide if and only if the third components are the same, that is
ba(co — 1)(ag — ¢o)=0.

This yields three possibilities: b, =0, co=1 or ay=cy.
The case b,=0 is “trivial” since it corresponds to the situation in which J, =29, ,=id.
The case co=1 is equivalent to c€0,N, and the same computation shows that o, N
is fixed point-wise by the J,5’s.
Let us suppose then ¢ # 1; then

5c,b(ﬁ):5a,b(ﬁ) =4 C’Ga,iN.

Since both a and c are arbitrary it follows that the action of any J,,€ 4, on a line of
9’ does not depend upon the choice of the point ¢ on the line ¢, N.
On the other hand, since

1. all the lines of the form k,N are fixed set-wise;
2. the ¢’s are all collineations;
3. any point g €P" can be determined as intersection of 0,g€ £’ and g, N;

the action of a ¢ on the lines of O’ is enough in order to determine its action on the
whole cone P+,

It follows that the permutation group 4, does not depend on the choice of a on
L=a, N, that is the thesis. [

Note that the following has also been verified while proving the result.

Corollary 21. Given a€P*\o,N and let b€o,N\{o},

Fix é,p=0,N.

Theorem 22. For any p¢o,N,
A=A,

Proof. Under the assumption |IK|>7, there exist at least 3 long lines in (P*,+). Let

O:=o,N,
L:=p,N,
§:=¢q,N,

with S¢ 0O, L. In order to prove the thesis, it is sufficient to show that 4 acts in a
regular way on the points of the line p,N. Since 45 <4, the transitivity is immediate.
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Suppose now that there exists some x€ p, N fixed by d € A. Because (P',+) is a fibred
K-loop, the elements of 4 are all collineations. Let y€.S; since ¢ fixes x and the point
t:=X,yNO0, it has to fix all the line X, y; thus y is fixed. This means that the line S is
fixed point-wise, that is that all the short lines have to be fixed set-wise. On the other
hand the long lines are always fixed set-wise, whence we deduce that ¢ has to be the
identity. [

If 2 <|iK| <7, then the K-loop (P",+) constructed in the same geometric way is a
group; hence, both 4 and A5 are trivial. In this case the previous result is trivially
true.
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