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A note on sets of type (3,n) in PG(3, q)

FULVIO ZUANNI

Abstract. We prove that if K is a set of type (3,n) with n > 3 in PG(3, q),
then either K is the point-set of a plane in PG(3,2) or n = ¢+ 3 or

(g;n) = (8,7).

1 Introduction

In the three-dimensional projective space PG(3, q) over a finite field GF(q)
with ¢ = p" a prime power, a k-set of type (m,n), with n > m, is a set
of k points which meets any plane in m or n points and both intersection
numbers occur, see [2]. In [6], the Author proved that n — m = p® with
0<s<2h.

If K is a set of type (0,n), then K is a point or the complementary set
of the point-set of a plane, see [6]. The sets of type (1,n) and (2,n) have
been completely determined by Thas in [7] and by Durante and Olanda in
[1], respectively. In [4], Napolitano and Olanda studied sets of type (3,n).
First they proved that if ¢ = 2, then either n = 7 and K is the point-set of
a plane or n = 5 and K is the point-set of three pairwise skew lines. Let us
note that if ¢ = 2, then n > ¢+3. Then, they proved that if ¢ > 2, then n—3
divides g and, hence, n < ¢+ 3. Finally, they completely classified the sets
of type (3,¢ + 3). The Authors also searched by computer for admissible
values (¢g,n) with n < ¢ 4+ 3. Within a huge range of tested parameters
they founded only the case (¢,n) = (8,7). So, they conjectured that if such
sets do exist, then they are very rare. Furthermore, in [5] (cf Theorem 3),
Napolitano devoted the last part of the paper to sets of type (3,n) with
n < ¢+ 3. Without completing their classification, the Author showed that
in this case it is possible to determine the sizes of the intersections of the
lines of the projective space with the set K. In this paper we prove the
following
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Theorem. Let K be a k-set of type (3,n), with n > 3, of PG(3,q). Then
one of the following conditions holds

e K is the point-set of a plane in PG(3,2);
en=q+3;
e g=8andn=".

2 The proof of the Theorem

From now on K is a k-set of type (3,n), with n > 3, of PG(3,q), ¢ = p".

Remark 2.1. If the set K is the point-set of a plane, then ¢ = 2.
Proof. The point-set of a plane is a set of type (¢ +1,¢> + ¢+ 1). O

From now on K is not the point-set of a plane in PG(3,2). Hence, as
already seen, we have that n — 3 divides ¢q. So, n = 3 + p® with s < h.

Double counting the number of planes of PG(3,q), the number of pairs
(A, @), where A € K and « is a plane of PG(3,q) passing through A, and
the number of pairs ((A, B), «), where {A, B} C K and « is a plane of
PG(3, q) passing through A and B, we get the following equations:

ts+tn=¢+¢+q+1 (1)
3tz +nt, = k(> +q+1) (2)
6ts +n(n — Dt, = k(k —1)(¢+1) (3)

where t; is the number of planes meeting K in exactly 7 points.

By Equations (1), (2) and (3) we get
El(g+ Dk — (2¢° +3¢+3)] = n[(¢® + ¢+ Dk = 3(" + (g +1)] (4

Given that n < ¢+ 3, by Equation (4) we obtain

El(g+ Dk — (2¢° +3¢+3)] < (¢ +3)[(¢* + ¢+ Dk = 3(¢° + 1) (g +1)] (5)
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which can be rewritten in the following way
[k =3(g+D)l(g+ Dk — (g +1)(¢* +2¢—1) —4] <0 (6)

thus we have that

4
3(q+1)g1<:§q2+2q—1+51—1 (7)

where equalities hold if and only if n = ¢ + 3. So we have the following
Proposition 2.2. If K is a k-set of type (3,q + 3) in PG(3,q), then

o k=3(qg+1);
e ¢g=23 and k = 15.

Now, we will prove the following

Proposition 2.3. Let K be a set of type (3,n) in PG(3,q). If n < g+ 3,
then q=8 andn =717.

From now on, n < ¢+ 3. So, s < h and k > 3(q + 1). Furthermore, ¢ > 2.

Step 1. Any 3-plane contains at least one line ly meeting K in no point.

Proof. Let a be a 3-plane and let @ be a point of o\ K. Since ¢ +1 > 3,
on « there is at least one line [y passing through @@ and meeting K in no
point. O

Step 2. There is an integer u such that k = 3(g+1) +up® with 0 < u < q.

Proof. Let a be a 3-plane and [y a line of o meeting K in no point. Now,
let w < ¢ be the number of n-planes passing through /. Counting the
points of K via the planes through Iy we obtain k = 3(¢ + 1 — u) + nu =
3(g+ 1 —u)+ (3+ p°)u from which we get k = 3(¢ + 1) + up®. Finally,
k> 3(¢+ 1) implies u > 0. O

Step 3. We have that 1 < u < q. Furthermore, p"~* divides either u or
u— 1.
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Proof. Putting n = 3+ p°® and k = 3(¢+ 1) + up® into Equation (4) we get
Ap" = fu(u—1) =0 (8)
where
A =3p*h=s —uph™ 4 (u = 3)p" + u(u—1)p* +3p"* +3(2u—1). (9)
If u = 1, then by Equations (8) and (9) we obtain
gp2h—s _ phts _oph 4 3 ks L3

Hence, p = 3 and s = h — 1, since p"~* divides 3. Substituting these values
into the previous Equation we obtain 32"~ —7(3") —12 = 0. So, h = 1
necessarily which implies 30 = 0, a contradiction. Thus, v > 1.

If u = ¢ = p", then by Equations (8) and (9) we obtain
P =D +3)+3(p°+ p"* =0
a contradiction since the first side is positive. So, 1 < u < ¢. Finally, by

Equation (8), we have that p"~* divides u(u — 1) > 0 and, hence, p"~*
divides either v or v — 1. O

2.1 The case where p"—* divides u

If p"— divides u, then there is an integer d such that u = dp"~—* and, hence,
k = 3(q+ 1) + dg. Furthermore, 1 < u < ¢ implies that 0 < d < p*. So
5> 0.

Step 4. We have that p"~* divides d + 3 and h < 2s.

Proof. Putting n = 3+p° and k = 3(¢+1) +dg into Equation (4) we obtain
(dp* —d? —d—3)¢* — [(d+3)p* — (d* + 6d + 3)]g + (d+ 3)p* =0 (10)

Equation (10) implies that p"~* divides d + 3. If p"=* = d + 3, then
substituting d = p"~* — 3 into Equation (10) we obtain

p3h728 _ 5p2h78 +p2(hfs) _ p2h 4 3ph+s 4 8ph _ 7 — O

Given that 1 < we have that p? divides 7, a contradiction.

s < h,
Finally, p"—* < d—;?’ <d+1<p®implies h —s < s, ie h < 2s. O
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Step 5. K is a 35-set of type (3,7) in PG(3,8).

Proof. Since ¢ = p", Equation (10) can be rewritten in the following way
[(dp* —d* =d=3)p" > +3](p" +1) = (5p" > = 1)d=0  (11)

Hence, p" +1 divides (5p"~*+1)d > 0. So there is a positive integer x such

that \
5 —1)d
_ (p ] ) (12)
p*+1
Given that d < p®, we have that
(5p" % — 1)d < (5p"=% — 1)p* = Bp" — p* < 5pP < 5(p" +1).

h
So0 <z <Mt =5 je 1<a<4.

Substituting (5p"~* — 1)d = x(p" + 1) into Equation (11) we obtain
(dp* —d®> —d—3)p" " +3—2=0. (13)

Equation (13) implies that p"~* divides 3 —x. Since 1 < x < 4, the possible
cases are x = 3 and (x,p,s) = (1,2,h — 1).

First, let us consider the case x = 3. Putting = 3 into Equation (12),
respectively (13), we obtain

3p" — 5dp"~* + (d+3) =0, (14)
respectively
dp® —d?* —d—3=dp® —(d—2)(d+3)—9=0. (15)

Since p"~* divides d+3 and s > h—s, then, by Equation (15), we have that
p"~* divides 9. Hence, p =3 and s = h—1 or s = h— 2. Putting p = 3 and
s = h — 1 into Equations (14), respectively (15), we obtain 3"*! = 14d — 3,
respectively 3"d — 3(d? +d+3) = 0. Finally, we get 5d> — 12d — 27 = which
has no integer solution, a contradiction. Putting p = 3 and s = h — 2 into
Equations (14), respectively (15), we obtain 3"+ = 44d — 3, respectively
3"d — 9(d® + d + 3) = 0. Finally, we get 17d> — 30d — 81 = which has no
integer solution, a contradiction.

Now, let us consider the case (z,p,s) = (1,2,h — 1). Substituting p = 2
and s = h — 1 and = = 2 into Equation (12) and (13) respectively, we
get 2" = 9d — 1 and 2"d — 2d*> — 2d — 4 = 0 respectively. Finally, we get
(d —1)(7d +4). So, d = 1 and, hence, 2" = 9d — 1 = 8 from which we get
h =3. Thus, s = h — 1 = 2. Furthermore, ¢ = p” =8, n =3+ p° =7 and
k=3(qg+ 1)+ dg = 35. O
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2.2 The case where p"~* divides u — 1

If p"~* divides v — 1, then there is an integer d such that u = 1 4 dp"~*

and, hence, k = 3(¢ + 1) + dg + p*. Furthermore, 1 < u < ¢ implies that
0<d<p’.

Step 6. We have that p"~* divides d + 3 and h < 2s.

Proof. Putting n = 3+ p® and k = 3(¢+ 1) + dg + p® into Equation (4) we
obtain
(dp* —d> —d—3)q> — [(p° —d+2)p° — (d> +6d+3)]g+ (d+3)p° = 0. (16)
Given that ¢ = p", we have that p"~* divides d + 3. If p"~* = d + 3, then
substituting d = p"~* — 3 into Equation (16) we obtain
p3h—28 _ 5p2h—s +p2(h—8) _th + 3ph+s _ pQS + ].Oph _ 5(ps + 1) — 0

So, p? divides 5(p* + 1), since 1 < s < h. Hence, p? divides 5, a contradic-
tion. Finally, p"—5 < % <d+1<p®impliesh—s<s,ie h<2s. [O

Step 7. K is a 39-set of type (3,7) in PG(3,8).

Proof. Since ¢ = p", Equation (16) can be rewritten in the following way
B"+1) —[(5p"7* = 1)d +p* + 5] =0, (17)

where
B=dp" +p* — (d* +d+3)p"* —2d+2. (18)

Hence, p” + 1 divides [(5p"~* — 1)d + p* + 5] > 0. So there is a positive

integer x such that

(59" — )+ p* +5

19

xr =

Given that d < p®, we have that
(5p" ™ = 1)d+p*+5< (5p" ™ = 1)p* +p° +5="5p" +5=5(p" +1)
Hence,0<x<%:5,i.e. 1 <2 <4,

Substituting (5p"~% —1)d+p* +5 = z(p" + 1) into Equation (17) we obtain
dp" +p* — (> +d+3)p"° —2d+2 -z =0. (20)
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Since s > h — s, p"~* divides —2d 42—z = —2(d +3) +8 — 2. Hence, p"~*
divides 8 — x since ph_s divides d+ 3. Given that 1 < x < 4, let us analyze
the six possible cases.

1. (x,p,s) = (1,7,h—1). By Equation (19) and (20) respectively, we get
3(7"1) = 17d +2 and 7"~Y(7d + 1) — 7d* — 9d — 20 = 0 respectively.
Finally, we have that 49d? + 2d — 29 = 0. The last equation has no
integer solution, a contradiction.

2. (z,p,s) = (2,2,h — 1). By Equation (19) and (20) respectively, we
get 21 = 3d+1 and 2" 1(2d + 1) — 2(d? + 2d + 3) = 0 respectively.
Finally, we have that (d — 1)(4d +5) = 0. So,d =1. So,d =1
and, hence, 2" = 3d + 1 = 4 from which we get h = 3. Thus,
s = h—1 = 2. Furthermore, ¢ = p" =8, n =3+ p° = 7 and
k=3(¢+1)+dq+p°=39.

3. (x,p,s) =(2,3,h—1). By Equation (19) and (20) respectively, we get
5(3"1) = 14d + 3 and 3" 1(3d + 1) — 3d? — 5d — 9 = 0 respectively.
Finally, we have that 27d?> — 2d — 42 = 0. The last equation has no
integer solution, a contradiction.

4. (z,p,s) = (3,5,h—1). By Equation (19) and (20) respectively, we get
7(5" 1) = 12d + 1 and 5"~1(5d + 1) — 5d% — 7d — 16 = 0 respectively.
Finally, we have that 25d? — 32d — 111 = 0. The last equation has no
integer solution, a contradiction.

5. (z,p,s) = (4,2, h—1); By Equation (19) and (20) respectively, we get
7(2" 1) = 9d + 1 and 2" 1(2d + 1) — 2(d? + 2d + 4) = 0 respectively.
Finally, we have that 4d? — 17d — 55 = 0. The last equation has no
integer solution, a contradiction.

6. (x,p,s) = (4,2, h—2); By Equation (19) and (20) respectively, we get
15(2h=2) = 19d+1 and 2"~2(4d+1) —2(2d?> +3d+T7) = 0 respectively.
Finally, we have that 16d? — 67d — 209 = 0. The last equation has no
integer solution, a contradiction. O

Remark 2.4. In PG(3,8) there is a 39-set of type (3,7), see [3].

References

[1] N. Durante and D. Olanda, On k-sets of type (2,h) in a planar space,
Ars Combin. 78 (2006), 201-2009.

50



A NOTE ON SETS OF TYPE (3,n) IN PG(3,q)

[2] J.W.P. Hirschfeld, Finite Projective Spaces of Three Dimensions,
Clarendon Press, Oxford (1985)

[3] M. Kiermaier, Mathematical Reviews, MR2999552 (2013).

[4] V. Napolitano and D. Olanda, Sets of type (3,h) in PG(3,q), Atti
Accad. Naz. Lincei Rend. Lincei Mat. Appl. 23 (2012), 395-403.

[5] V. Napolitano, On sets of type (m,h)s in PG(3,q) with m < g, Note
Mat. 35 (2015), 109-123. doi:10.1286/115900932v35n1p109

[6] M. Tallini Scafati, The k-sets of PG(r,q) from the character point of
view, in Finite geometries (Winnipeg, Man., 1984), Dekker, New York
(1985), 321-326.

[7] J.A. Thas, A combinatorial problem, Geom. Dedicata 1 (1973), 236—
240.

FuLvio ZuANNI

DEPARTMENT OF INDUSTRIAL AND INFORMATION ENGINEERING AND ECONOMICS
UNIVERSITY OF L’AQUILA

PiazzALE ERNESTO PONTIERI, 1 (MONTELUCO DI ROIO)

1-67100 L’AQuiLA, ITALY

fulvio.zuanni@univaq.it

51



