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Abstract. In this paper we introduce three families of graphs and we dis-
cuss the existence or non existence of edge odd graceful labeling for these
classes of graphs.

1 Introduction

Solairaju and Chitra [10] defined a graph G with ¢ edges to be edge odd
graceful if there is a bijection f from the edges of the graph to

{1,3,5,...,2¢ — 1}

such that, when each vertex is assigned the sum of all the edges incident to
it modulo 2q , the resulting vertex labels are distinct. If G has n vertices,
the corona of G with H, G ® H is the graph obtained by taking one copy
of G and n copies of H and joining the ith vertex of G with an edge to
every vertex in the ith copy of H. They [10] proved that the following
graphs are odd graceful: path with at least 3 vertices; odd cycles; ladders
P, x Py (n > 3); stars with an even number of edges; and crowns C,, ® K.
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In [9] they proved that the following graphs have edge odd graceful labeling:
P, (n > 1) with a pendant edge attached to each vertex (combs); the graph
obtained by appending 2n + 1 pendant edges to each endpoint of P, or Ps;
and the graph obtained by subdividing each edge of the star K »y,.

Singhun [8] proved that the following graphs have edge odd graceful label-
ings: W,, , Wa,, ® K1 and W,, ® K,,, when n is odd, m is even, and n divides
m.

Seoud and Salim [7] presented an edge odd graceful labelings for the fol-
lowing families of graphs : W,, for n = 1,2 and 3 (mod 4), C,, ® Kop_1 ,
even helms P, ® K3, and K3 ;. They proved that the trees of odd number
of vertices and odd degrees can’t be edge odd graceful graphs. Also they
proved that the cycle C,, is not an edge odd graceful graph when n is even.
Finally they produced a simple way to label complete graphs which pro-
vides edge odd graceful labeling to a good number of complete graphs K,
within the range n € {4,5,...,99,100}. In 2007, Gao [4] proved the exis-
tence of odd graceful labeling of some union of graphs. In 2019, Daoud [3]
proved the necessary and sufficient conditions for the Cylinder grid graph
Cmn = Py x (), and torus grid graph T, , = C), x C), to be edge odd
graceful. In this paper we discuss the Edge odd graceful labeling of some
new classes of graphs namely, K V 2K, , P,; and Flower graph F'L,,.

2 Edge odd gracefulness of K° V 2K,

The graph K V 2K5 is the join of the complement of the complete graph
on n vertices and two disjoint copies of K3. Rao-Hebbare [6] conjectured
that for each positive integer n, the graph K¢ Vv 2K» is not graceful. This
was proved by Bhat-Nayak and Gokhale [2]. In [1] Balakrishnan and Sam-
pathkumar proved that K V2K> is magic under the conditions that n = 3
and also they proved that for any positive integer n, the graph K¢ V 2Ky
is antimagic and this graph is harmonious if and only if n is even.

In this paper we prove that K¢ V 2K is edge odd graceful for all positive
integers n. Throughout this paper, we denote the set of vertices of K¢ V
2K by {v1, v, u1, u2, w1, we, ..., wy} so that its edge set is {vva, ujus} U
{urw;, ugw;, viw;, vow;|1 < i < n} .

Definition 2.1. The join K¢V 2K, is the graph obtained by taking a copy
of K and two adjacent copies of Ko disjoint from K, and joining every
vertex of K¢ to every vertex of 2K .
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Example 2.2. The graph of K§V 2K,.

w1

ws

Theorem 2.3. G = K:V2K5 is an edge odd graceful graph for all positive
integers n.

Proof. Let V(K. V 2K3) = {v1,v2,u1,uz, w1, wa,...,w,} and E(KS V
2K3) = {v1v2, u1ug, u1 W, UgWy, V1w, vowk|1l < k < n} as shown in Fig-
ure 1. Therefore, p=|V(G)|=n+4 and g = |E(G)| = 4n + 2.

Figure 1: The graph of K| V 2K5.

U1 Uy
V2 U2
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Case (i): When n = 1.

The above labeling shows that K{V2K5 is an edge odd graceful graph.

Case (ii): When n > 1.
Define a mapping f from E(G) to {1,3,...,2¢ — 1} by,

fluruz) = 1;

flvivz) = 3;

floywg) =2k+3;1<k<n
fvowg) =2n+2k+3;1<k<n
flurwg) =4n+2k+3;1 <k <n
flugwg) =6n+2k+3;1<k<n

The induced mapping is given by,

n

I (v1) = f(vrve) + Zf(vlwk) (mod 8n + 4)

k=1

=3+ i[2k+3] (mod 8n + 4)

k=1
=n?+4n+3 (mod 8n +4)

n

[ (v2) = f(v1v2) + Z flvowg) (mod 8n + 4)
k=1
:3+i[2n+2k+3] (mod 8n + 4)
k=1
=3n?+4n+3 (mod 8n +4)
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n

[ (ur) = furuz) + Z flugwy) (mod 8n + 4)

k=1

:1—|—Z[4n+2k—|—3] (mod 8n + 4)
k=1
=5n%+4n+1 (mod 8n +4)

n

f*(u2) = f(uluz) + Z f(UQUJk) (mod 8n + 4)

k=1

=14 [6n+2k+3] (mod 8n+4)
k=1
=7n*+4n+1 (mod 8n + 4)

fr(wg) = flurwg) + f(ugwy) + f(viwg) + f(vawg)  (mod 8n +4)
=n+2k+3)+ (6n+2k+3) + (2k+3)
+ (2n+2k+3) (mod 8n +4)
=12n+8k+12 (mod 8n+4)
=4n+8k+8 (mod 8n+4);1<k<mn.

The labels of edges are in the set {1}U{3}U{5,7,...,2n+3}U{2n+
5,...,4n+3}U{dn+5,...,6n+3}U{6n+5,...8n + 3}.

Then the labels of vertices are in the set {n? +4n +3} U {3n? +4n +
3Ju{bn? +4n+ 1} U {m? +4n + 1} U {4n + 8 + 8|1 < i < n}
(mod 8n + 4).

That is, {n? +4n +3} U {3n? +4n + 3} U {fn? +4n + 1} U {7Tn? +
dn+1} U {dn+16,4n + 24,...,4n + 8n,4n + 4} (mod 8n + 4).

We observe that the vertices have distinct labels. Therefore, K¢ V2K,
is an edge odd graceful graph. O
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Example 2.4. An edge odd graceful labeling of K§V 2Ks.

3 Edge odd gracefulness of P,

Let u and v be two fixed vertices. We connect u and v by means of b > 2
internally disjoint paths of length a > 2 each. Kathiresan [4] proved that
Py 2m41 are graceful for all values of r and m. He also conjectured that P,
is graceful except when a = 2r + 1 and b+ 4s + 2. Throughout this paper
we denote the set of vertices of P, ; by {u,v,v,,|]1 <i<a—-1,1<j <b},
so that its edge set is {wv;;, vja—10,0;5,0;i+1]1 <i<a—1,1 < j < b}

Example 3.1. The graph P, 3

Theorem 3.2. G = F,; is an edge odd graceful graph when both a and b
are odd.
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Proof. Let V(G) = {u,v,v;,]1 < i <a—-1,1<j < b}, and E(G) =
{wvj;,vj,0-10,05,v;i41]1 < i < a—1,1 < j < b} as shown in Figure 2.
Therefore p = |V(G)| = ab — b+ 2 and ¢ = |E(G)| = ab where u = v1 9 =
Vo= =Vpo and v = V1,4 = Vg = - = Up,q. Define a labeling f from

V1,2 V1,3 V1,a—2 V1,a—1

V2,2 V2,3 V2,02

Up—1,2 Up—1,3 Vp—1,a—2

Up,2 Up,3 Ub,a—2 Ub,a—1

Figure 2: The graph of P, .
E(G) to {1,3,...,2¢ — 1} by,

fwiviip) =2i4+1,0<i<a—1
fvjvji) =2ja+2i+1;0<i<a—1,2<j<b-1
flopiveig1) =4a—2i—1;0<i<a—1

The induced mapping is given by,

[ (w) = fluvi1) + f(uvp,1) + f(uvji)  (mod 2ab)
b—1
=1+ (a—1)+ ) [2ja+1] (mod 2ab)

j=2
=1+4a—14+(b—2)+ab(b—1)—2a (mod 2abd)
=ab® —ab+2a+b—2 (mod 2ab)
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b—1
[ (v) = f(vvip—1) + f(vvpa_1) + Z f(vvjqa—1) (mod 2ab)
o
=2a+1)+4a—2a—-1)+ Z[Zja +2a—1] (mod 2ab)
j=2

=4a—(b—2)+2a(b—2)+ab(b—1) —2a (mod 2ab)
=4a — b+ 2+ 2ab—4a + ab® — ab—2a (mod 2ab)
=ab® +ab—2a—b+2 (mod 2ab)

[ (vi) = f(vji-1vj4) + f(vjiv5-1) (mod 2ab)
=2ja+2(i—1)+14+2ja+2i+1 (mod 2ab)
=4ja+4i (mod 2ab);1<i<a-—-1;2<j<b-1;

(i) = f(v15-1v14) + f(v1v1,i41)  (mod 2ab)
=2(i—1)+1+2i+1 (mod 2ab)
=4i (mod2ab);1<i<a-—1

I (b)) = f(vpi—104) + f(vpi0pi41) (mod 2ab)
=4a—-2(i—-1)—144a—2i—1 (mod 2ab)
=8a—4i (mod2ab);1<i<a-1

The labels of edges are in the set {1,3,...,2a—1}U{2a+1,2a+3,...,4a—
1}u{da+1,4a+3,...,2ab— 1}.

Then the labels of vertices are in the set {ab* — ab + 2a + b — 2} U {ab® +
ab—2a—b+2}U{dja+4ill <i<a—1;2<j<b—1}U{4i]l <i<
a—1}U{8a —4i|]l <i<a-1} (mod 2ab).

We observe that the vertices have distinct labels. Therefore P, is an edge
odd graceful graph. O

Example 3.3. An edge odd graceful labeling of Ps 3.

©® 6 @



EDGE ODD GRACEFUL LABELINGS

Now, we discuss the non existence of edge odd graceful labeling of the graph
Po.

Theorem 3.4. The graph P, 2 is not an edge odd graceful graph when
a> 2.

Proof. Suppose that, P, 2 admits an edge odd graceful labeling, then the
labels of edges are in the set: {1,3,5,...,2¢g — 1}. we can get the labels of
vertices as 0,2,4,...,2¢ — 2 (mod 2¢g). Then

() Xoevpan I () =2 ev(p,.) f(€) = 2¢* = 0 (mod 2).

(11) ZvEV(Pa.z) f*(’U) = Z?ia,zi—eveni = q(q - 1) =4q (HlOd 2q)

The difference in the above (¢) and (i) leads to a contradiction. Therefore
P, 2 is not an edge odd graceful graph. O

We conclude this section with the subsequent open problem: Discuss the
existence or non existence P, > for the remaining cases.

4 FEdge odd gracefulness of F'L,

Definition 4.1. The Flower graph, FL, , is the graph with V(FL,) =
{ug,vo,vk|1 < k < n} ; and E(FL,) = {voug,vrur|l < k < n} U
{vpur1]l <k <n -1} U{v,ui} .

Example 4.2. The graph of FLg.

65



KATHIRESAN, MUTHUMARI AND RAMALAKSHMI

Theorem 4.3. The Flower graph G = FL,, is an edge odd graceful graph
when n >3 .

Proof. Let V(G) = {uk,vp,vk|l < k < n}, E(G) = {voug, vpur|l < k <
n} U {vgurs1]l <k <n—1} U{v,us} as shown in Figure 3. Therefore,
p=|V(G)|=2n+1and ¢ = |E(G)| = 3n.

Ug U7

Figure 3: The graph of FL,,.

Case (i): When n = 3.
The labeling of the graph given in Figure 4 shows that, F'Lg is an

edge odd graceful graph.

Case (ii): When n > 3.
Define a labeling f from E(G) to the set {1,3,5,...,2¢ — 1} by,
flogug) =2k —1;1<k<n
flogugrr) =2n+2k—1;1<k<n-1
fvour) = 4n + 1,
flooug) =6n—2k+3;2<k<n

The induced mapping is given by,

f*(vk) = f(urug) + f(vgurg1)  (mod 6n)
=2k—-1)+2n+2k—1) (mod 6n)
=2n+4k—2 (mod 6n);1 <k<n
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Figure 4: An edge odd graceful labeling of F'Lg.

f*(u1) = f(vrur) + f(vour) + f(urvn)  (mod 6n)
=14+dn+1)+(4n—1) (mod 6n)
=8n+1 (mod6n)=2n+1 (mod 6n)

[ (uk) = flopur) + f(vour) + fvkuk+1)  (mod 6n)
=02k—-1)+(6n—-2k+3)+2n+2(k—1)—1) (mod 6n)
=2n+2k—1 (mod6n);2<k<n

£ (vo) = f(vour) + Y _ f(vour) (mod 6n)
k=2

=dn+1+) [6n—2+3] (mod 6n)
k=2

=4dn+14+6n(n—1)+3n—-1)—n(n—1) (mod 6n)

=5n% (mod 6n)
The labels of the edges are in the set {1,3,...,2n—1}U{2n+1,2n+
3,...dn -1} u{dn+1}U{dn+3,4n +5,...,6n — 1} . Then the
labels of vertices in the set {2n +2,2n +6,...,6n —2} U{2n + 1} U
{2n+3,2n+5,...,4n — 1} U {5n?} (mod 6n).

We observe that, the vertices have distinct labels.

Therefore F'L,, is an edge odd graceful graph. O
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Example 4.4. An edge odd graceful labeling of F'L — 6.
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