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Abstract. Topological indices are numeric values in the field of chemical
graph theory that encode information about the chemical structure such as
molecular shape, size, branching, and so on. A modern idea is to calculate
degree-based topological indices using the M-polynomial. The hex-derived
networks that are constructed by the hexagonal network of dimension n
have various applications in networking, pharmacy, etc. In this paper, we
are interested in deriving an expression of the M-polynomial for the type 3
rectangular hex-derived network of dimension n and thereafter all the as-
sociated degree-based topological indices. The acquired results can provide
a foundation for further exploring rectangular hex-derived networks, their
characteristics and applications.

1 Introduction

Let G be a graph that is simple and connected, defined by an ordered pair
[V(G), E(G)], where V(G) denotes the vertex set and F(G) denotes the
edge set, and consists of (distinct) unordered pairs of vertices. For any
vertex u in a graph G, the degree is defined as the number of edges incident
to the vertex u and is denoted by d(u) [36].

The topology segment of mathematical chemistry, which uses graphs to
model chemical compounds, is Chemical Graph Theory (CGT). In the
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graphical representation of a chemical compound, the atoms are represented
by the vertices and the chemical bonds between the atoms are represented
by edges. In the field of CGT, there are several types of questions that have
been studied in the last few decades. A topological index is an invariant
for the molecular graph of chemical compounds in the area of CGT. Topo-
logical indices of interest are those that play a significant role in the anal-
ysis of Quantitative Structure-Activity Relationship (QSAR)/Quantitative
Structure-Property Relationship (QSPR). The QSAR and QSPR are re-
lated to the prediction of bioactivity and physical-chemical properties of
the chemical compounds. For chemical graphs, one of the most well-known
topological indices is the Wiener index which is known to correlate closely
with some of the physical properties of the chemical substance such as its
boiling point (see [37]).

There are different classes of topological indices, for instance counting re-
lated topological indices [22], distance-based topological indices [2] and
degree-based topological indices [17]. In order to predict the physico-
chemical properties of various chemical structures, all these topological
indices of several classes are beneficial. The topological indices are gen-
erally calculated using their definitions. It would be beneficial to have a
generic method that can provide several topological indices of a specific
class. A well-recognized approach in this field, is the calculation of topo-
logical indices by constructing a general polynomial. Hence, if only the
graph polynomial is known, various topological indices are determined by
integrating or differentiating (or blending of both) the respective polyno-
mial.

In the literature, many graph polynomials have evolved and played a signif-
icant role in mathematical chemistry. Some notable graph polynomials are
the Hosoya polynomial [18], the matching polynomial [13], the Tutte poly-
nomial [21], the Schultz polynomial [16], the Clar covering polynomial [38],
and the M-polynomial [29]. In the evaluation of distance-based topological
indices, the Hosoya polynomial is regarded as one of the most general poly-
nomials and gives information on, for example, the Wiener index [37] and
the hyper Wiener index [32]. In the same way, the M-polynomial is a recent
and popular methodology that plays an important role in the evaluation of
degree-based graph invariants.

The degree-based topological indices are most relevant in themselves be-
cause they are used to assess the medicinal activities, chemical reactivity,
and physical properties of chemical compounds. In 2015, Deutsch and
Klavzar [11] proposed the M-polynomial and reported that its importance
for degree-based topological indices is analogous with the Hosoya polyno-
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mial’s importance for distance-based topological indices. The M-polynomial
and their associated degree-based topological indices corresponding to dif-
ferent chemical networks are assessed in [26, 23, 20, 19, 39, 12, 6, 7, 5, 8,
28, 9].

Definition 1.1 (Deutsch and Klavzar [11]). For a simple connected graph
G, the expression

M(Giz,y) = > mi;(G) 'y’
s<i<i<A

is known as the M-polynomial of a graph G, where § = min{d(u)|lu €
V(@)}, A = maz{d(u)|lu € V(G)} and m; ;(G) is the number of edges uv €
E(G) such that d(u) =1, d(v) =j (i, > 1).

In [10], it is reported that for a graph G, a degree-based topological index
is a type of graph invariant, denoted by I(G), and which is of the form

G) = mii(@)f(i,))

1<j

The following theorem uses the operators D, D, Sy, Sy, J, Qo and they
are defined as follows:

Dy(f(,y)) = w2050, Dy(f(2,y)) = y2LGED,
Se(f(z.y) = Jy “y)dt s () = [ L0y,
J(f(z,y)) = (SC 33) Qu(f(z,y)) fxo‘f(x ), a#0.

Theorem 1.1 (Deutsch and Klavzar [11], Theorems 2.1, 2.2). Let G be a
simple connected graph.

(o) IfI(G)= > f(d(u),d(v)), where f(z,y) is a polynomial in x
e=uwveE(G)
and y, then

I(G) = f(Dg, Dy)(M(G; 2, y))|e=y=1-
) If I1(G) = > f(d(u),d(v)), where f(z,y) = > «;jz'y’, then

e=uwv€eE(G) i,JEZL
I(G) can be obtained from M(G;x,y) using the operators Dy, Dy, Sy,
and Sy.
() FIG) = X f(du),d(v)), where f(z,y) = Giglayr, where
e=uwveE(G) Y

r,s>0,t>1 and o € Z, then
I(G) = S.QaJ DDy (M (G; 2, y))|o=1-
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Gutman and Trinjasti¢ [15] introduced the first and second Zagreb indices
in 1972. Instead of the outer edges and vertices, the Zagreb indices give
greater weight to the inner edges and vertices. The modified Zagreb in-
dices are then introduced in [25], inspired by the idea of Zagreb indices.
Furthermore, the Randié index, introduced by Milan Randié [31] in 1975,
is a very prominent degree-based topological index. This index has di-
verse applications in the area of drug design. After seeing the effect of
the Randi¢ index, a generalized version of the Randié¢ index, known as the
general Randié indez, is presented by Bollobés et al. [3] and Amié et al. [1]
in 1998. In order to calculate the total surface area of polychlorobiphenyls,
a symmetric division (deg) index [34] is introduced in 2010. It turns out
that the inverse sum (indeg) index [34, 33] is a good indicator of the total
surface area of octane isomers. Furtula et al. [14] presented the augmented
Zagreb index, which is useful in analyzing the heat of formation of alkanes.
For the mathematical expressions of the degree-based topological indices,
please refer to [6].

Chen et al. [4] developed an addressing scheme as well as routing and broad-
casting algorithms, for the hexagonal mesh multiprocessors. Hexagonal
networks [27] are a type of network that is designed using planer graphs.
Triangular plane tessellation, or the division of a plane into equilateral tri-
angles, is the basis for these networks. Honeycomb networks and mesh
networks are the nearest networks. Honeycomb networks are built on regu-
lar hexagons, while mesh networks are based on a regular square partition.
A hexagonal network whose nodes are at the vertices of a regular triangu-
lar tessellation has up to six neighbours for each vertex. They are used to
model benzenoid hydrocarbons in chemistry, as well as in image process-
ing, computer graphics, and cellular and interconnectedness networks. Two
hex-derived networks HDN1 and HDN2 are introduced in [24]. Afterwards,
from the n dimensional hexagonal network, a new chemical network was
introduced by Raj and George [30] in 2017 and named the type 3 rectangu-
lar hex-derived network (RHDN3[n]). Figure 1 shows a type 3 rectangular
hex-derived network of dimension 4 (RHDN3[4]).

Outline of the work

Wei et al. [35] evaluated different degree-based topological indices for type
3 rectangular hex-derived networks of dimension n (RHDN3[n]) directly
with the help of their degree dependent formulas. All these degree-based
indices are helpful in understanding the properties of RHDN3[n]. In the
present work, we calculate these degree-based topological indices by using
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the M-polynomial. In Section 2, we obtain a general expression of the M-
polynomial for the RHDN3[n] and hence we derive the associated degree-
dependent topological indices and we conclude with Section 3.

2 Deriving M-polynomial for RHDN3[n| net-
work

Below, we determine the M-polynomial of the type 3 rectangular hex-
derived network of dimension n > 4.

Theorem 2.1. Let RHDN3[n] be the type 3 rectangular hez-derived network
of dimension n > 4. Then the M-polynomial of RHDN3[n] is
M(RHDN3[n);x,y) = (6n2 — 12n + 10)z*y* + 8x%y” + (24n — 44)24y'0 +
(12n% —48n+48)xty18 + 427y 0+ 227y18 4 (4n—10)210y10+ (8n—20)x 19y & +
(3n% — 16n + 21)z'8y'8.

Proof. Consider the type 3 rectangular hex-derived network (RHDN3[n])
of dimension n > 4. It can be observed from Figure 1 of RHDN3[4] that
the vertex set and edge set of RHDN3[n] have respective cardinalities

|V (RHDN3[n])| = 7n?® — 12n + 6 and |E(RHDN3[n])| = 21n* — 40n + 19.

Now, the vertex set V(RHDN3[n]) of RHDN3[n| can be partitioned into
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four disjoint subsets that depend on the degree of end vertices, these are
Vi(RHDN3[n]) = {u € V(RHDN3[n]) : d(u) = 4},
Vo(RHDN3[n]) = {u € V(RHDN3[n]) : d(u) = 7},
V3(RHDN3[n|) = {u € V(RHDN3|n]) : d(u) = 10},
Via(RHDN3[n]) = {u € V(RHDN3[n]) : d(u) = 18},

and counts the number of such vertices, they are

|Vi(RHDN3[n))| = (6n® — 12n +8), |Vo(RHDN3[n])| = 2,
|Va(RHDN3[n])| = 4(n — 2), |Va(RHDN3[n])| = (n — 2).

Furthermore, depending on the degree of the end vertices, the edge set
E(RHDN3[n]) of RHDN3[n] is partitioned into nine parts as follows.

E¢44y = {e =uv € E(RHDN3[n]) : d(u) = 4,d(v) = 4},
By ={e=wuv € E(RHDN3[n]) : d(u) = 4,d(v) = 7},
E¢410y = {e = wv € E(RHDN3[n]) : d(u) = 4,d(v) = 10},
E{418y = {e = wv € E(RHDN3[n]) : d(u) = 4,d(v) = 18},
E{710y = {e = wv € E(RHDN3[n]) : d(u) = 7,d(v) = 10},
E¢718y = {e = wv € E(RHDN3[n]) : d(u) = 7,d(v) = 18},
Ef10,10y = {e = wv € E(RHDN3[n]) : d(u) = 10, d(v) = 10},
Ef10,18y = {e = uwv € E(RHDN3[n]) : d(u) = 10, d(v) = 18},
E15.18y = {e = uwv € E(RHDN3n]) : d(u) = 18,d(v) = 18}

And their cardinalities are [y 41| = 6n%—12n+10, |Eqan| =8, [Epai0] =
24n—44,| B4 18y| = 12n* —48n+48, | E7 10| = 4,1 Eg7.18| = 2,110,103y =
4n — 10,|Eg0,18y| = 8n — 20,|Ef15,18y| = 3n? — 16n + 21. Thus, the M-
polynomial of the RHDN3[n] network! is given by

INote that, |E{7’7}| = 0 because there is no edge uv in the type 3 rectangular hex-derived
network of dimension n, such that d(u) =7 = d(v).
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M(RHDN3[n]; z, y)
Zmi,jxiyj’ where 1,7 € {4,7,10,18}
i<j
S mttt Y mt Y murs®

u’UEE{4’4} uUEE{477} quE{4,10}

4,18 7.10 7.18
+ E ma 18T Y + E mri10T'Yy - + E mr 18T Y

uvEE 4 18} wv€E (7 10} uv€E (7 18}

10, 10 10, 18
+ g mio,102 Y + E m10,18T Y
w€E{10,10} wv€E(19,18}

18,18
+ g mi8,18% Y
uwv€E 18,18}

= (6n? — 12n + 10)z*y* + 82*y" + (24n — 44)2*y'°
+ (12n? — 48n + 48)x*y™® 4+ 427y + 227y'® + (4n — 10)2'%y*°
+ (8n — 20)2' %98 + (3n? — 16n + 21)z '8y, O

Table 1: Derived formulas [11] of degree-based topological indices of a graph
G in the form of M-polynomial.

Sl. No. | Topological Index Notation f(x,y) Derivation from (M(Gj;x,y))
1. First Zagreb Index My (G) z+y (Dy + Dy)(M(G; 2, y))|a=y=1
2. Second Zagreb Index M (G) zy (DyDy)(M(G; 2, y))|s=y=1
3. Modified Second Zagreb Index ™My (G) %y (S2Sy) (M (G, y))|a=y=1
4. General Randi¢ Index R, (G) (zy)> (D Dy)(M(G;2,9))|e=y=1
5. Inverse Randi¢ Index RR.(G) ﬁ (8989 (M(G; 2,y))o=y=1
6. Symmetric Division (Deg) Index | SDD(G) # (DySy + DySe)(M(G; 2, y)) |le=y=1
7. Harmonic Index H(G) %ﬂ/ 25, J(M(G; 2,y))|s=1
8. Inverse Sum (Indeg) Index ISI(G) ,l;’fy S J Dy Dy(M(G; 2, y))|o=1
9. Augmented Zagreb Index AZ(G) (IJr"yl’iz)3 S3Q 2 J DD} (M (G; 2, y))|w=1

Note that, in Table 1,

Da(f(a,y) = 22U, D, (f(x,y)) = y2Ulz)
S.(f(e.0) = Iy Meala Sy(f(x.9)) = J3 Leat,
J(f(z,y) = f(:c 1‘) Qa(f(m y)) =z f(x,y), a#0.
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We now use the above expression of M-polynomial of the RHDN3[n] net-
work to derive the associated degree-based topological indices in the fol-
lowing Theorem 2.2.

Theorem 2.2. Let RHDN3[n| be a type 3 rectangular hex-derived network
of dimension n > 4. Then

1. My (RHDN3[n]) = 2(210n* — 544n + 361).

2. My(RHDN3[n]) = 4(483n* — 1508n + 1204).
19 , 6331 611
——n+—.
216" 8100 " 1512
4. Ro(RHDN3[n]) = 42%(6n* — 12n + 10) + 8 x 28% 4 40%(24n — 44)
+ 72%(12n2 — 48n + 48) + 4 x T0% 4+ 2 x 126* + 10**(4n — 10)
+ 180%(8n — 20) + 1820‘(3112 — 160 + 21).

3. "™ My(RHDN3[n]) =

8 1
5. RRo(RHDN3[n]) = (6n —12n +10) + 25+ 4()—&(2471 — 44)
1 4 2 1
—(12n% — 4 4 — 4+ ——(4n-—1
e (120" — 48n + 48) + o + 1 + omq (4n — 10)
1
+ 20w (8n — 20) + —=(3n® — 16n + 21).
224 1676 13331
. SDD(RHDN: 2 )
6. SDD(RHDN3[n]) = == 5"+ oz
91 1907 137558
7. HLRHDN3 n?— — )
H( [n]) = 33" " 295 " T 08175
861 2036 3557843
. ISI(RHDN: = n? — )
8. ISIRHDNS[n]) = =mn” = ==n + —ome
45 8 x 283  40°
9. AZ(RHDN3[n]) = (6 — 120+ 10) + 273 + Top(2n - 1)
723 4x 703 2x126% 108
+ —(12n2% — 48n + 48 —(4n —10
205 127 N8+ It T T pn—10)
1803 186
+ 563 (8n — 20) + &7(373 — 160+ 21)
_ 18072253528n2 B 11885277153465184n+ 5140351070639169064
5527125 983590583625 443235060406125

Proof. We assume that g(z,y) = M(RHDN3|n|; z,y), for the sake of nota-
tional simplicity. Therefore, g(x,y) = (6n? — 12n + 10)x*y* + 8x%y7 +
(24n—44)x*y104 (1202 —48n+48) 2ty ¥ + 427 y10+ 227y 18+ (4n—10) 210y 10+
(8n — 20)x1%18 + (3n? — 16n + 21)x'8y!8.
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Here, for calculating the degree-based topological indices, we will need the
following terms:
D, (g(x,y)) = 4(6n? — 12n + 10)z*y? + 3221y" + 4(24n — 44)x*y*°
+4(12n% — 48n + 48)2 y™® + 282 7y10 4 1427y'8
+ 10(4n — 10)z %% 4+ 10(8n — 20)x'%'®
+18(3n? — 16n + 21)z'8y'®,

Dy(g(x,y)) = 4(6n* — 12n + 10)z*y* + 562y + 10(24n — 44)z*y*°
+ 18(12n% — 48n + 48)x y'® 4+ 4027y 4 3627y'®
+ 10(4n — 10)z%% 4 18(8n — 20)x'%'8
+18(3n? — 16n + 21)z'8y*s,

DyD.(g(x,y)) = 16(6n* — 12n + 10)x*y* + 2242*y” + 40(24n — 44)x*y"°
+ 72(12n2 — 48n + 48)z*y'® 4 28027y10 + 25227y'8

+100(4n — 10)2'%%*% 4+ 180(8n — 20)2'0y*®

+324(3n2 — 16n + 21)2'8y"8,

1
Se(g(z,y)) = Z(6n2 —12n + 10)2*y* 4 221y + 4(24:71 — 44) x40

1 4

+ 1(12712 — 48n + 48)2ty'® + 7x7y10 + 790 y'®
1

+ 1—0(471 10)z 0y + 10(8 —20)z'0y*®
1

+ 18(3n — 160 + 21)2'8y'®,

1 8 1
Sy(g(z,y)) = Z(6n2 —12n 4+ 10)z*y* + —aty” + —(24n — 44)2ty'°

7 10
+ i(12712 — 48n + 48)z"y'® + 1 —rTylf 4+ = 2 y'®
18 10 18
1
~(4n —1 10,,10 —_9 10 18
+ 10( n—10)z "y + 18(8n 0)x
1
+ 18(3n — 160 + 21)z'8y'8,
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S8y (g9(x.y)) = 76(6n® —12n +10)2'y" + Za'ly” + - (24n — 4d)a"y"

7 40
+ i(12n2 — 48n + 48)x4y18 + ix7y10 i ix7y18
1 1
- 4 _ 10 10,,10 - 8 o 20 10 18
1 2 18, 18
+ 324(3n 16n + 21)z °y~°,

_ 42 2 4,4 AT
D3 Dy (g(z,y)) = 4°*(6n" — 12n + 10)z"y" + 8 x 28%z"y

+40%(24n — 44)2 90 + 72%(12n? — 48n + 48)z*y'®
+ 4 x 70%7y'0 + 2 x 126%2 Ty 8 +10%% (4n—10) 20910
4 180%(8n — 20)2'0y® 4+ 18%2*(3n2—16n + 21)2'8y*®,

32 4
SyDa(g(x,y)) = (6n*~12n + 10)2'y" + Za'y” + — (24n — 44)2y"°

7 10
4 28 14
12n2 — 48 48)xty18 o 22 47,10 718
+1g(12n” — 48n + 48)2%y " + oaly ™ + oaly
10
+ (4n — 10)z'%9 + —(8n — 20)2'%y'®

18
+ (3n? — 16n + 21)2'%y"8,

10
SxDy(g(z,y)) = (6n” = 120+ 10)a'y" + 14a'y” + = (24n — 44)ay™

* Z<12n2 —48n +48)x'y'® + 7x7y1° + 7x7y18

18
+ (4n — 10)2' %' + E(Sn — 20)2104'8
+ (3n2 —16n + 21)x18y18’

1 8
S35y (9(x,y) = 55z (6n° =120 +10)a'y* + o zaty”

28¢

1 1
+ e (240 — 44)2ty'0 + 72—&(12712 — 48n + 48)zty'8

4 710 2 s 1 10 10
Toho + 4n — 10
70a.’£ Yy 126O‘x y 102a( i ).’t Y

1
(8n—20)"%y" + 5 (3n° 160 + 21)1%y"%,

* 180¢
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1 8 1
S, J(g(z,y)) = g(6n2 —12n 4 10)2® + ﬁ +1 —(24n — 44)x!

1 4 2
7 12 2—48 48 22 i 4 = .25

g (12n A A8)aT e o
1

1
+ 5g (4n - 10)22° + 55 Bn— 20)28

1
+ %(3712 — 16n + 21)2%

224 4

SeJDyDy(g(z,y)) = 2(6n* — 12n + 10)2° +f 1 12(24 — 44)z™
72 L 280 1, 252 o
22(12n 48n + 48)x? 17x + T

180
+5(4n — 10)2%° + ﬁ(Sn —20)z%8

324
+ %(Bn —16n + 21)2°

46 8 x 283
$2Q-2J Dz Dy(g(w.y)) = o5 (6n” — 120+ 10)a° + —sr—a”

+40

123
4x70% o 2x126° 23 10°

—(4n — 10

15 0t o + g (4~ 10)a

1803 186
+ S - (8n —20)2°% + — e = (3n% — 16n + 21)2®

723
(24n — 44)2'? + — 507 5 (12n* — 48n + 48)z*

Thus, using the derivation formulas of topological indices mentioned in
Table 1, the related degree-based topological indices of RHDN3[n] are:
1. First Zagreb Index:
My (RHDN3[n]) = (D +D,)(9(z,Y))|a=y=1 = 2(210n* —544n+361).
2. Second Zagreb Index:
My (RHDN3[n]) = DD, (9(2,y))|zmy=1 = 4(483n% — 1508n + 1204).

3. Modified Second Zagreb Index:

119 , 6331 611

My(RHDN3[n]) = S35y (9(z,y)) |z=y=1 = 516" ~ s100™ + 153"
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4. General Randié¢ Index:
Ro(RHDN3[n]) = DS D3 (9(2, ) |a=y=1
= 42*(6n* — 12n + 10) + 8 x 28% + 40%(24n — 44)
+ 72%(12n* — 48n + 48) + 4 x 70% + 2 x 126
+ 10**(4n — 10) + 180*(8n — 20)
+ 18%%(3n? — 16n + 21).

5. Inverse Randi¢ Index:
RRo(RHDN3[n]) = 5757 (9(x,y))|z=y=1
1 8 1
= 42—(1(6712 —12n+10) 4+ —— + —(24n — 44)

28% ' 40
+ 72%(12712 — 48n + 48) + 7;% + 1226a
+ lom(éln —10) + 130° (8n — 20)
+ 1812“ (3n* — 16n + 21).

6. Symmetric Division (Deg) Index:

SDD(RHDN3[n]) = (SyDy + Sz Dy)(9(x, y))|z=y=1
_ LMnZ B 1676n L 13331
3 9 105 °
7. Harmonic Index:
91 , 1907 137558

H(RHDN3In)) = 25, J(9(z,y))|z=1 = 33" " s " + 81T

8. Inverse Sum (Indeg) Index:

861 , 2036 . 3557843
11" T 1 " T35

ISI(RHDN3[n])=S,J DD, (g(x,y))|z=1=

9. Augmented Zagreb Index:

AZ(RHDN3[n]) = $3Q-2J D3 Dy(g(2,y))|o=1
18072253528 ,  11885277153465184

5527125 983590583625
5140351070639169064

443235060406125
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3 Conclusion

In this present article, we have evaluated the degree-based topological in-
dices for the RHDN3[n] networks with the help of the M-polynomial. At the
very beginning, we have formulated the expression of the M-polynomial for
the RHDN3[n] networks and using that expression we have computed nine
associated standard degree-based topological indices. Observe that the M-
polynomial method is very fast, compact and more appropriate to compute
the degree-based topological indices of the network instead of calculating
them using their degree-based formulas.
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