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Abstract

A vertex v in a graph G is said to dominate a vertex u if ei-
ther v = v or wv € E(G). A set S of vertices in G is a domi-
nating set of G if every vertex of G is dominated by at least one
vertex in S. The minimum number of vertices in a dominating set
of G is the domination number v(G) of G. Domination has also
been looked at in terms of functions. A function f : V(G) —
{0,1} is a dominating function of G if cf(v) = 32, cnpy flu) 21
for every vertex v of G. For a dominating function f of G, let
v(f) = ZUEV(G) f(v). Thus, the domination number of G is 7(G) =
min {v(f) : f is a dominating function of G} . We use dominating
functions to investigate graphs all of whose vertices can be dominated
by the same number of vertices. In this paper, our emphasis is on
regular graphs having this property.
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1 Introduction

A vertex v in a graph G is said to dominate a vertex wu if either u = v
or wv € E(G). That is, a vertex v dominates the vertices in its closed
neighborhood N[v] = N(v) U {v}. A set S of vertices in G is a dominating
set of G if every vertex of G is dominated by at least one vertex in S. The
minimum number of vertices in a dominating set of G is the domination
number v(G) of G. We refer to the books [1, 2, 4] for graph theory notation
and terminology not described in this paper.

There is another way that domination and the domination number of a
graph G has been looked at (see [1, 6, 8]). Each function f : V(G) — {0,1}
gives rise to another function ¢y : V(G) — N U {0}, where N is the set of
positive integers, defined by cy(v) = >_,cnp f(u). If ¢f(v) € N for every
vertex v of G, then f is a dominating function of G. Dominating functions
have been studied extensively by many (see [3, 6, 7, 8], for example). If f
is a dominating function of G, then the set Z;(G) = {v € V(G) : f(v) =1}
is a dominating set of G. (The set Z;(G) is also denoted by Z; if the
graph G under consideration is understood.) The domination number ~(f)
of a dominating function f of a graph G is v(f) = EUEV(G) fv) = |Zy]
and so the domination number v(G) of G can be defined as

v(G) =min{y(f) : f is a dominating function of G}.

If f is a dominating function of a graph G and ¢y (v) equals the same positive
integer k for every vertex v of G, then f is called a regular (or k-regular)
dominating function of G. Consequently, if G has a k-regular dominating
function, then there is a dominating set .S of GG such that every vertex of G
is dominated by exactly k vertices of S. Since a vertex v whose degree degv
is the minimum degree §(G) of G can be dominated by at most 1+ §(G)
vertices of S, it follows that 1 < k < 1+ §(G). For example, Figures 1(a)
and 1(b) show two dominating functions f and g of a tree T', respectively.
For the dominating function f of T' in Figure 1(a), cs(v) = 2 for every
vertex v of T; while for the dominating function g of T' in Figure 1(b),
cg(v) =1 for every vertex v of T. Thus, f is 2-regular and g is 1-regular.

While the functions f; and fo defined on the graph H in Figures 2(a)
and 2(b), respectively, are both dominating functions, neither f; nor fo
is a regular dominating function. In fact, this graph H has no regular
dominating functions. To see this, assume, to the contrary, that H has a
regular dominating function f : V(H) — {0,1} such that f gives rise to a
constant function ¢y : V(G) — NU{0}. Since cf(r) = f(r) + f(s) + f(w)
and cy(w) = f(r) + f(s) + f(w) + f(z), it follows that f(x) = 0. Similarly,
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Figure 1: Two dominating functions of a tree

f(t) = 0. Since ¢f(v) = f(v) + f(2) and ¢;(2) = f(v) + f(2) + f(v) + f(y),
it follows that f(u) = f(y) = 0. Now, the fact that cf(z) = cy(w) forces
f(r) = f(s) = 0. However then, cs(t) = 0, which is impossible.

(a) (b)

Figure 2: Two dominating functions of a graph H

2 Properties of regular dominating functions

We begin with some preliminary results dealing with regular dominating
functions of graphs. For a dominating function f of a nontrivial connected
graph G, let
I;(G) ={veV(G): f(v)=1}

be the set of all vertices z of G for which f(z) = 1. Thus, Z{(G) =
V(G) — Z;(G) is the set of all vertices y of G for which f(y) = 0. The
sum -, v (g ¢f(v) counts f(v) =1 exactly degv + 1 times, once in ¢y (v)
and once in cy(u) for each u € N(v). Consequently, we have the following
observation.
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Observation 2.1. Let G be a nontrivial connected graph and let f :
V(G) — {0,1} be a dominating function of G. Then

Z cr(v) = Z (degx +1)f(z) = Z (degx + 1).

veV(G) 2€Z,(G) 2€Z;(G)

The following is an immediate consequence of Observation 2.1.

Proposition 2.2. Let G be a nontrivial connected graph of order n and
let f:V(G) — {0,1} be a dominating function of G where |Z;(G)| = s.

(1) If G is an r-regular graph for some integer r > 2, then

> vev(a) ¢r(v) = (r+1)s.

(2) If f is a k-regular dominating function for some integer k > 1, then

Zvev(G) ct(v) = nk.

Proposition 2.3. Let G be a nontrivial connected graph. Then G has
a k-regular dominating function for some positive integer k if and only
if either G is (k — 1)-regular or G consists of two induced vertez-disjoint
subgraphs F and H, where the vertex set of G is partitioned into V(F) and
V(H), such that F is (k — 1)-regular and each vertex of H is adjacent to
exactly k vertices in F.

Proof. First, suppose that G has a k-regular dominating function f : V(G) —
{0,1} for some positive integer k. Let F = G[Z;] and H = G[Z;] (if
Ts #0). Since cp(v) = k for each v € V(G), it follows that every vertex in
F' is adjacent to exactly k — 1 vertices in F' and so F'is (k — 1)-regular and
every vertex in H is adjacent to exactly k vertices in F. Next, we verify the
converse. Since the statement is true if G is (k — 1)-regular, we may assume
that G is constructed from two induced vertex-disjoint subgraphs F and H
such that F'is (k — 1)-regular and each vertex of H is adjacent to exactly k
vertices in F'. Then a k-regular dominating function of G can be defined
by assigning 0 to each vertex of H and assigning 1 to each vertex of F'. [

The following useful observations are consequences of Proposition 2.3. The
distance between two vertices u and v in a connected graph is denoted
by d(u,v).
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Corollary 2.4. A nontrivial connected graph G has a 1-reqular dominating
function if and only if G has a dominating set W such that d(u,v) > 3 for
every two vertices u and v of W.

Corollary 2.5. Let f be a 2-reqular dominating function of a nontrivial
connected graph G. Then the edge set of the subgraph G[Zy] induced by Iy
is a matching of G and so |Iy| is even.

We now apply the results obtained above to study regular dominating func-
tions in the grid graph P, O K5 (the Cartesian product of P, and K5) for
n > 2. By Corollaries 2.4 and 2.5, we see that, while the 4-cycle Cy =
P, O K5 has a 3-regular dominating function, it has neither a 1-regular nor
a 2-regular dominating function.

Proposition 2.6. For each integer n > 3, the grid graph P, O Ky has
a k-regular dominating function for k € {1,2} if and only if n is odd.
Furthermore, P, O Ky has no 3-regular dominating function for any integer
n > 3.

Proof. Let G = P, O K3 be constructed from the two copies (ug, us, ...,
up) and (vy, ve, ..., v,) of the path P, of order n by adding the edges u;v;
for 1 <i < n. First, we show that if n > 4 is even, then G does not have a
k-regular dominating function for each k € {1,2}. We consider two cases.

Case 1. k = 1. Suppose that f : V(G) — {0,1} is a 1-regular dominat-
ing function of G. Observe that exactly one of u; and v; must be
assigned 1 by f, for otherwise, if f(u1) = f(vi) =1, then cp(uq) > 2;
while if f(u1) = f(v1) = 0, then f(us) = f(v2) = 1 and so cf(u2) > 2,
which is impossible in either case. Similarly, exactly one of u, and
v, must be assigned 1 by f. Let Z; = {v € V(G) : f(v) =1}. Then
s = |Zy| > 2. By Observation 2.1,

2n= Y  cp(v)= ) (deg(v)+1)=3-2+4(s —2).
’UEV(G) veLy
Consequently, n = 3 + 2(s — 2) is odd.

Case 2. k = 2. Suppose that f: V(G) — {0, 1} is a 2-regular dominating
function of G. Observe that both of u; and v; must be assigned 1
by f, for otherwise, suppose that f(u1) = 0. Then f(vi) = f(uz2) =
f(v2) =1 and so ¢f(v2) > 3, which is impossible. Similarly, both of
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Uy, and v, must be assigned 1 by f. Then s = |Z;| > 4. Since the
edge set of G[Zy] is a matching, s is even. By Observation 2.1,

dn = Z cf(v):Z(deg(v)+1)=3-4+4(s—4).

vEV(G) vELs

Consequently, n = 3 + (s — 4) is odd.

For the converse, assume that n > 3 is odd. We show that there is both a
1-regular and a 2-regular dominating function of G. Define f; : V(G) —
{0,1} by f1(u;) =1fori =1 (mod4) and fi(v;) =0 for j = 3 (mod 4) and
let f1(w) = 0 for any other vertex w € V(G). Define f5 : V(G) — {0, 1}
by fa(u;) = fa(v;) = 1if 4 is odd and fa(u;) = fa(v;) = 0 if i is even. Then
f1 is a 1-regular dominating function of G and f; is a 2-regular dominating
function of G.

Next, we show that G does not have 3-regular dominating function for each
integer n > 3. Assume, to the contrary, that there is an integer n > 3
such that G = P, O K5 has a 3-regular dominating function g : V(G) —
{0,1}. Since ¢4(u1) = ¢4(v1) = 3, it follows that g(x) = 1 for each = €
{u1,us,v1,v2}. This forces g(us) = g(vs) = 0 so that c4(us) < 2, which is
impossible. O

The following lemma will be useful in studying regular dominating functions
in connected graphs containing many vertices with the same neighborhood.

Lemma 2.7. Let G be a nontrivial connected graph and f a regqular
dominating function of G. If u,v € V(G) such that N(u) = N(v), then

fu) = f(v).

Proof. Let u,v € V(G) such that N(u) = N(v) = X. Since f is a regular
dominating function of G, it follows that cy(u) = f(u) + >, cx f(x) =

(
f) +2pex (@) = cp(v) and so f(u) = f(v). 0

With the aid of Lemma 2.7, we now present a result on regular dominating
functions of complete multipartite graphs.

Proposition 2.8. A complete multipartite graph G has a regular domi-
nating function if and only if either G is regular or v(G) = 1.
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Proof. Let G be a complete multipartite graph of order n. Thus, G has two
or more partite sets. Suppose, first, that G is r-regular for some integer r >
1. Then G has an (r + 1)-regular dominating function. If 4(G) = 1, then
G contains a vertex that is adjacent to every other vertex in G and so
A(G) = n— 1. Thus, G has a l-regular dominating function. For the
converse, suppose that G has a k-regular dominating function for some
positive integer k. Assume, to the contrary, that G is not regular and
A(G) # n — 1, but G has a regular dominating function f. Thus, every
partite set of G contains at least two vertices and there are two partite
sets U and W such that |U| # |[W|. Let X = V(G) — (U U W) and
A=3% cx f(z) (where A=0if X = (). As a consequence of Lemma 2.7,

we consider two cases.

Case 1. f(u) # f(w) when v € U and w € W.
We may assume that f(u) = 1 for all v € U and f(w) = 0 for all
weW. IfueUandw e W, then cy(u) = 1+ A and ¢f(w) = |U|+A.
Since |U| > 2, it follows that c¢f(u) # ¢;(w), which is impossible.

Case 2. f(u) = f(w) when v € U and w € W.
First, suppose that f(v) =1forallv e UUW. Ifu € U and w € W,
then cf(u) =14+ |W|+ A and ¢f(w) = 1+ |U| + A. Since |U| # |W],
it follows that cs(u) # cy(w), which is impossible. Next, suppose
fv) =0for all v € UUW. Then X # () and so A > 0. Since
cf(v) = A > 0 for each v € UUW, there is a partite set Y of G such
that f(y) =1foreachy €Y. If y € Y, then ¢;(y) = 1+ (A — |Y]).
Since |Y| > 2, it follows that cy(v) # cy(y) for each v € U UW and
y € Y, which is a contradiction. O

The following two results describe certain properties possessed by 1-regular
dominating functions.

Theorem 2.9. Let G be a nontrivial connected graph and suppose that fi
and fo are 1-regular dominating functions of G, where Iy, = {v € V(G) :
fi(v) =1} fori=1,2. Then |Ly,| = |Iy,|, that is, the number of vertices
assigned 1 by a 1-regular dominating function of G is unique.

Proof. Observe that Ty, and Zy, are independent dominating sets in G.
Additionally, every vertex in V(G) — Iy, is adjacent to exactly one vertex
in 7y, and every vertex in V(G)—Zy, is adjacent to exactly one vertex in Zy, .
Since Zy, and Zy, are independent sets, each vertex in Ty, —Zy, is adjacent
to exactly one vertex in Ty, —Zy, and each vertex in Zy, — 7y, is adjacent to
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exactly one vertex in Ty, — Zy,. This implies that the set of edges between
Ly, — Iy, and Iy, — Iy, form a matching between these sets. It therefore
follows that [Ty, —Zy,| = Iy, — Iy, |. Since |Ip,| = [Zy, —Ip,| +[Zp, N1y,
and |Zy,| = |Zy, — Ly, | + |Zy, NZLy,|, it follows that |Zy, | = |Zy, . O

Theorem 2.10. A nontrivial connected graph G has a 1-reqular dominat-
ing function if and only if there exists a partition {Vi,Va, ..., Vi} of V(G)
where |Vi| = n; for 1 < i <t such that K1 ,,—1 C G[Vi] and the center
of K1 n;—1 has degree n; — 1 in G.

Proof. First, suppose that G has a 1-regular dominating function f : V(G) —
{0,1}. Let Zy = {v1,v2, ..., v} for some positive integer ¢. Since cy(v) =1
for all v € V(G), it follows that f(u) = 0 for each u € N(v;). For 1 <i <,
let V; = NJv;] be the closed neighborhood of v;. Then |V;| = 14+degq v; = n;
and Ki n,—1 C G[Vj] for 1 <4 < t. Furthermore, {V1,Va,...,V;} is a par-
tition of V(G).

For the converse, suppose that {V1,Va,...,V;} is a partition of V(G) such
that |V;| = n;, K1,,—1 € G[V;], and the center v; of K1 ,,_1 has degree n;—
1in G for 1 <4 < t. Define the function f: V(G) — {0,1} by f(v;) =1 for
1 <i<tand f(u) = 0 otherwise. We show that f is a 1-regular dominating
function of G. Let x € V(G). Then z € V; for some integer ¢ with 1 < ¢ < ¢.
If x = v;, then f(z) = 1 and f(y) = 0 for each y € N(z) = V; — {z},
implying that c¢f(x) = 1. If * # v;, then x is adjacent to v; and x is
not adjacent to v; for each integer j with 1 < j < ¢t and j # 4, which
implies that ¢s(x) = 1. Consequently, f is a 1-regular dominating function
of G. O

By Theorem 2.9, the cardinality of a dominating set W of a graph in Corol-
lary 2.4 or the size t of a partition of the vertex set of a graph in Theo-
rem 2.10 is unique. On the other hand, the partition of the vertex set in
Theorem 2.10 may not be unique. For example, the graph G of order 8 in
Figure 3 has two distinct 1-regular dominating functions, which give rise to
two distinct partitions of V(G) as described in Theorem 2.10.

3 Regular graphs

We saw that if G is a connected r-regular graph with a k-regular dominat-
ing function, then 1 < k < r + 1. Furthermore, every connected r-regular
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Figure 3: The partition of the vertex set in Theorem 2.10 is not unique

graph G has an (r 4 1)-regular dominating function, while there is no guar-
antee that G has a k-regular dominating function for a given integer k
with 1 < k < r. In this section, we study those connected r-regular graphs
having a k-regular dominating function for a given integer k with 1 < k <.

Let G be a nontrivial connected graph and let f : V(G) — {0,1} be a
function of G. The complementary function f : V(G) — {0,1} is defined
by

f(v) =1— f(v) for every vertex v of G.

Observation 3.1. Let G be a nontrivial connected graph. If f : V(G) —
{0,1} is a function of G, then cf(v) + cz(v) = 14 degv for each vertex v
of G.

Proof. Let v € V(G) where f(v) =i € {0,1} and ¢;(v) = k. Then f(v) =
1 —4. Since ¢s(v) = k and f(v) = ¢, it follows that v is adjacent to k — i
vertices labeled 1 by f and so v is adjacent to deg v —k+i vertices labeled 0
by f. Thus, v is adjacent to degv — k + i vertices labeled 1 by f. Hence,
c7(v) = (1—4)+(degv—k+i) = 1+degv—k. Consequently, cy(v)+cz(v) =
degv + 1. O

The complementary function of a dominating function of a graph may or
may not be a dominating function of the graph. For example, for the domi-
nating function f of the tree T in Figure 1(a), its complementary function is
not a dominating function of T'; while for the dominating function g of the
tree T in Figure 1(b), its complementary function is a dominating function
of T. The following is an immediate consequence of Observation 3.1.

Corollary 3.2. Let G be a nontrivial connected graph. Suppose that f is
a dominating function of G such that f is also a dominating function of G.
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Then f and f are both reqular if and only if G is reqular. Furthermore,
if G is an r-regular graph and f is a k-regular dominating function of G
where 1 <k <r+1, then f is an (r + 1 — k)-regular dominating function
of G.

For example, Figure 4(a) shows a 1-regular dominating function f of Cs. Its
complementary function f, shown in Figure 4(b), is a 2-regular dominating
function of Cg. This example illustrates the following result concerning
connected 2-regular graphs, namely cycles. Since a cycle C,, of order n > 3
is 2-regular, it has a 3-regular dominating function. We now determine
other values of k for which cycles have a k-regular dominating function.

/

@ 0 % ®
O @ oG
(b)

(a)

Figure 4: Two regular dominating functions of Cg

Proposition 3.3. Fork € {1,2}, a cycle C,, of order n > 3 has a k-reqular
dominating function if and only if n =0 (mod 3).

Proof. First, suppose that C,, has a k-regular dominating function f with
k € {1,2}. We show that n = 0 (mod 3). Assume that |Zy| = s. By
Proposition 2.2, 3s = nk. If ¥ = 1, then 3s = n; while if £k = 2, then
3s = 2n. In either case, 3 | n and so n = 0 (mod 3). For the converse,
suppose that n = 0 (mod 3). We show that C,, has a k-regular dominating
function for each k € {1,2}. For C,, = (v1,vs,...,0n,v1), define a 1-regular
dominating function f: V(G) — {0,1} by

f(vi):{ 1 ifi=0 (mod 3)

0 otherwise.

Then f : V(G) — {0,1} is a 2-regular dominating function of C,, by Corol-
lary 3.2. O

Next, we consider cubic (3-regular) connected regular graphs. As we saw,
every such graph has a 4-regular dominating function. In order to charac-
terize those connected cubic graphs having a k-regular dominating function
for each k € {1,2, 3}, we first present a necessary condition on the order of
such cubic graphs.
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Proposition 3.4. Let G be a connected cubic graph of order n > 4. If
G has a k-regular dominating function for some integer k € {1,2,3}, then
n=0 (mod 4).

Proof. Let G be a connected cubic graph of order n and let f : V(G) —
{0,1} be a k-regular dominating function where k € {1,2,3}. Since n
is even, n = 2p for some integer p > 2. Suppose that |Zy| = s. Then
4s = nk = 2pk and so 2s = pk by Proposition 2.2. If k = 1, then 2s = p
and so n = 4s; if kK = 2, then s = p is even and so n = 2s; and if k = 3,
then 2s = 3p and so 3 | s. Let s = 3r for some positive integer r. Then
n =4r. O

Consequently, the famous Petersen graph of order 10 has a k-regular dom-
inating function only if & = 4. By Proposition 3.4, we consider only those
connected cubic graphs of order n with n = 0 (mod 4) and determine
which such graphs have a k-regular dominating function for some inte-
ger k € {1,2,3}. The following is a consequence of Theorem 2.10.

Corollary 3.5. Let G be a connected cubic graph of order n = 4t for some
positive integer t. Then G has a 1-regular dominating function if and only
if there exists a partition {V1,Va,...,Vi} of V(G) such that |V;| = 4 and
K173 - G[V;] f07“ 1 < ) <t.

The following observation is a consequence of Corollary 3.5 (and Corol-
lary 3.2).

Observation 3.6. For a connected cubic graph G of order n > 4 where
n =0 (mod 4), a function f : V(G) — {0,1} is a l-reqular dominating
function of G if and only if its complementary function f : V(G) — {0,1}
is a 3-regular dominating function of G.

By Corollary 3.5 and Observation 3.6, we then have the following.

Corollary 3.7. Let G be a connected cubic graph of order n = 4t for some
positive integer t. Then G has a 3-regular dominating function if and only
if there exists a partition {V1,Va,...,Vi} of V(G) such that |V;| = 4 and
Kl’g Q G[V;] fOT 1 S ) S t.

Next, we characterize connected cubic graphs having a 2-regular dominating
function. For two disjoint sets U and W of vertices in a graph G, let [U, W]
be the set of edges joining a vertex of U and a vertex of W in G. The
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bipartite subgraph of G induced by the set [U, W] of edges in G is denoted
by G[U, W].

Theorem 3.8. Let G be a connected cubic graph of order n = 4t for some
positive integer t. Then G has a 2-regular dominating function if and only
if there exists a partition {U, W} of V(G) where |U| = |W| = 2t such that
GlU] = GIW] 2 tKy and G[U, W] is a 2-reqular subgraph of G.

Proof. First, suppose that G has a 2-regular dominating function f : V(G) —
{0,1}. Let U =7y and W = V(G) — U. Then the edge set of G[U] is a
matching. Let w € W. Since ¢f(w) = 2, it follows that w is adjacent to ex-
actly two vertices of U and exactly one vertex in W. This implies that G[W]
is a 1-regular subgraph of G and G[U, W] is a 2-regular bipartite subgraph
of G. Consequently, |U| = |W| =2t =n/2 and G[U] = G[W] = tKs.

For the converse, suppose that there exists a partition {U, W} of V(QG)
where |U| = |W| = 2¢ such that G[U] & G[W] = tKy and G[U, W] is a
2-regular subgraph of G. Then the function f : V(G) — {0,1} defined by
f(u) =1 for each w € U and f(w) = 0 for each w € W is a 2-regular
dominating function of G. O

The following is a consequence of Theorem 3.8. A 1-factor in a graph G is
a l-regular spanning subgraph of G.

Corollary 3.9. IfG is a connected cubic graph with a 2-reqular dominating
function, then G has a 1-factor.

The converse of Corollary 3.9 is not true, however. In fact, there is an
infinite class of connected cubic graphs having a 1-factor but no 2-regular
dominating functions, as we show next. For an integer ¢ > 3, let Cy =
(21,22,...,20,21) be the cycle of order £. For 1 < i < ¢, let L; be the
graph of order 5 obtained from the 5-cycle (u;, v, w;, z;, y;, u;) by adding
two chords u;x; and w;y;. The cubic graph Fy of order 6/ is constructed
by joining v; to z; for 1 < ¢ < ¢. The graph Fj of order 24 is shown in
Figure 5.

For each integer ¢ > 3, the graph Fy has a 1-factor. If ¢ > 3 is odd, then
6¢ #Z 0 (mod 4) and so it follows by Proposition 3.4 that Fy does not have
any k-regular dominating function for each k € {1,2,3}. If £ > 4 is even,
then 6¢ = 0 (mod 4). We show, even in this case, that F; does not have
any k-regular dominating function for each k € {1,2, 3}.
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Y1 xr1 Y2 T2 Y3 x3 Ya T4

V1 J l Vo v3 V4
. .

Figure 5: The cubic graph F}

Theorem 3.10. For each even integer £ > 4, the graph Fy of order 6/ =0
(mod 4) has no k-reqular dominating function for any k € {1,2,3}.

Proof. First, we show that Fy does not have a 1-regular dominating func-
tion. Assume, to the contrary, that there is an even integer ¢ > 3 such
that F; has a l-regular dominating function f : V(F;) — {0,1}. Since
N(u;) = N(w;) and v; € N(u;) N N(w;) for 1 < 4 < £, it follows by
Lemma 2.7 that f(u;) = f(w;) = 0. In particular, f(ui) = f(w;) = 0.
Hence, exactly one of vi,x1,y1 has the f-value 1. If f(v;) = 1, then
f(z1) = f(y1) = 0 and so cy(x1) = c¢f(y1) = 0, which is impossible.
Thus, we may assume that f(x;) = 1 and f(y1) = f(vy) = 0. This
forces f(z1) = 1 and so f(z2) = 0. Since f(z2) = f(u2) = f(ws) = 0,
it follows that f(vy) = 1. However then, f(xz2) = f(y2) = 0 and so
cf(xe) = cf(y2) = 0, which is impossible. Consequently, F; has no 1-
regular dominating function and so Fy has no 3-regular dominating function
by Observation 3.6.

Next, we show that that Fy does not have a 2-regular dominating function.
Assume, to the contrary, that there is an even integer ¢ > 3 such that F} has
a 2-regular dominating function ¢ : V(Hy) — {0,1}. Again, it follows by
Lemma 2.7 that g(u;) = g(w;) for 1 <4 < {. In particular, g(u1) = g(wy).

* First, suppose that g(u;) = g(wi) = 1. Since vy is adjacent to u;
and wy and c¢(v1) = 2, it follows that g(vi) = g(z1) = 0. This
forces g(z2) = g(z¢) = 1. Since c4(v2) = 2, it follows that g(us) =
g(wz) = 0 and g(ve) = 1. Since cy(uz) = ¢4(we) = 2, it follows
that {g(y2),g9(z2)} = {0,1}. We may assume that g(y2) = 1 and
g(x2) = 0. However then, ¢,(z2) = 1, which is impossible.

151



HALLAS, TALANDA-FISHER AND ZHANG

* Next, suppose that g(u;) = g(w1) = 0. Since ¢4(v1) = 2, it follows
that f(v1) = f(z1) = 1. Since ¢4(u1) = ¢g(w1) = 2, it follows that
{9(31), 9(21)} = {0,1}. We may assume that g(y1) = 1 and g(z1) =
0. However then, cy(z1) = 1, which is impossible.

Therefore, F; does not have a 2-regular dominating function. O

By Theorem 3.10, there are connected cubic graphs of order n with n =0
(mod 4), without any k-regular dominating function for each k € {1, 2, 3}.
On the other hand, for each integer n > 4 with n = 0 (mod 4), there is
a connected cubic graph of order n with k-regular dominating function for
each k € {1,2,3}.

Theorem 3.11. For each integer n > 4 with n = 0 (mod 4), there is a
connected cubic graph of order n with a k-regular dominating function for

each k € {1,2,3}.

Proof. Let n = 4t for some positive integer ¢t. Since Ky is the only cubic
graph of order 4 and K4 has a k-regular dominating function for each k €
{1,2,3}, we may assume that n > 8. We begin with the n-cycle

Cn = (Ul,la v1,27 /1)1,37 01,47 v2,17 U2,27 v2,37 /1)2,47 o 7vt,17 /Ut,27 vt,S; Ut,47 Ul,l)'

The cubic graph G is constructed by adding the edges v; 1v;,3 and v; 2v; 4
for 1 <4 < ¢. That is, if V; = {vi1,vi2,v53,v,4}) for 1 < ¢ < ¢, then
GlVi] = K4 — v 10 4.

*x For k =1,3,let {V1, V3, ..., V;} be a partition of V(G). Since |V;| =4
and Ky 3 C G[V;] = Ky —e for 1 < <t, it follows by Corollary 3.5
that G has a k-regular dominating function for £ = 1,3. In fact,
a l-regular dominating function f; : V(G) — {0,1} can be defined
by fi(vi2) =1 for 1 <i <t and f(x) = 0 otherwise. Then f3 = f;
is a 3-regular dominating function of G.

* For k = 2, let U = {vi,l,vm 1< < t} and W = {U,"37’Ui’4 1< <
t}. Then {U, W} is a partition of V(G). Since G[U] & G[W] = tK,
and G[U, W] 2 C,, it follows by Theorem 3.8 that G has a 2-regular
dominating function. In fact, a 2-regular dominating function f5 :
V(G) — {0,1} can be defined by fa(u) = 0 for each u € U and
f2(w) =1 for each w € W. The complementary function f, of f is
a also 2-regular dominating function of G. O
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By Theorems 3.10 and 3.11, there are connected cubic graphs of order n = 0
(mod 4) that have no k-regular dominating function for any k € {1,2,3}
and there are connected cubic graphs of order n = 0 (mod 4) that have
k-regular dominating function for each k € {1,2,3}. We saw that if a
connected cubic graph G has a 1-regular dominating function, then G has
a 3-regular dominating function and vice versa. However, there are con-
nected cubic graphs (i) having 1-regular or 3-regular dominating functions
but no 2-regular dominating functions or (ii) having 2-regular dominating
functions but neither a 1-regular nor a 3-regular dominating function. As
an example, we consider a class of well-known cubic graphs, namely prisms.

Theorem 3.12. Forn > 3, let G = C,, O K5 be the prism of order 2n.
Then

(1) G has a 1-regular or 3-regular dominating function only if n = 0
(mod 4) and

(i1) G has a 2-regular dominating function only if n =0 (mod 2).

Proof. Let G = C,, O K3 be constructed from two copies (u1, ug, ...,
Up, u1) and (vy, Ve, ..., v, v1) of the n-cycle by adding the edges u;v; for
1 <71 <n.

To verify (i), first suppose that n =0 (mod 4). Then a l-regular dominat-
ing function f: V(G) — {0,1} of G can be defined by

1 if w = u; where i =1 (mod 4)
fw) = or w = v; where j = 3 (mod 4)
0 otherwise.

By Observation 3.6, its complementary function f : V(G) — {0,1} is a
3-regular dominating function of G.

Conversely, suppose that GG has a 1-regular dominating function. By Propo-
sition 3.4, n is even and so G is a bipartite graph. We claim that n = 0
(mod 4). Assume, to the contrary, that n = 2 (mod 4). Thus, n = 4p + 2
for some positive integer p and so the order of G is ng = 8p+4. Since G has
a l-regular dominating function, it follows by Theorem 3.5 that there exists
a partition {V1,Va,...,V;} of V(G) such that |V;| = 4 and K33 C G[V]
for 1 < i <t Thus, t = ng/4 = 2p+ 1. Since G is a bipartite cubic
graph and K73 C G[Vi] for 1 < i < ¢, it follows that G[V;] = Ky 3. We
may assume that Vi = {uy,v1,us,u,}. For 1 < i < ¢, let a; be the sub-
script of the center of G[V;]. Thus, a; = 1. We may further assume that
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1=a; <as <--- < a;. Observe that as = vs, ag = us, ag = vy, and so
on. In general, a; = ujy4¢;—1) if i is odd and 1 <7 <t and a; = v314¢i—1)
if i is even and 2 < ¢ <t — 1. In particular, a; = ugp3 = up—1. However
then, u, € V;_1 NV;, which is impossible. Thus, (i) holds.

To verify (ii), first suppose that n > 4 is even. Then a 2-regular dominating
function f: V(G) — {0,1} of G can be defined by

Fw) = 1 if w € {u;,v;} where i is odd
1 0 ifwe {u;,v;} where i is even.

Conversely, suppose that G has a 2-regular dominating function. Then
2n =0 (mod 4) by Proposition 3.4 and so n is even. O

The following is a consequence of Theorem 3.12.

Proposition 3.13. For each integer n > 12 with n =4 (mod 8), there is
a connected cubic graph of order n that has a 2-reqular dominating function
but has neither a 1-reqular nor a 3-reqular dominating function.

Proof. For n > 12 with n = 4 (mod 8), let n = 8p + 4 for some positive
integer p and let G = Cyp42 O Ky be the prism graph of order n. It then
follows by Theorem 3.12 that G has a 2-regular dominating function, but G
has neither a 1-regular nor a 3-regular dominating function. O

The cubic graph G of order 16 in Figure 6 has both a 1-regular and 3-
regular dominating function but no 2-regular dominating function. The
dominating function f of G shown in Figure 6 is l-regular and f is a 3-
regular dominating function. It therefore remains to show that G has no
2-regular dominating function. Since G does not have a 1-factor, there is no
partition {U, W} of V(G) where |U| = |W| = 8 such that G[U] = G[W] =
4Ks5. Thus, G has no 2-regular dominating function by Theorem 3.8.

While the cubic graph in Figure 6 contains a cut-vertex, there are 2-
connected cubic graphs of order n with n = 0 (mod 4) having a 1-regular
and a 3-regular dominating function but no 2-regular dominating function.
For example, let Cy = (a1, asz,...,a¢,a1) and C) = (b1, ba, ..., bs, b1) be two
copies of the cycle of order £ > 3. For 1 < ¢ < {, let L; be the graph
of order 6 obtained from the 6-cycle (u;, v;, w;, T;, ys, 2i, u;) by adding two
chords u;x; and w;z;. The cubic graph G, of order 8¢ is constructed by
joining v; to a; and joining y; to b; for for 1 < ¢ < . The graph Gj3 of
order 24 is shown in Figure 7.
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Figure 6: A cubic graph with no 2-regular dominating function

b/ ba b3
L,

|
Y1 2 UE]
1 x1 22 z2 23 z3
u1 w1 u \ w2 us w3
V2 v3

’Ull
a

1 a2 a3

Figure 7: A 2-connected cubic graph G35 of order 24

Proposition 3.14. For each integer £ > 3, the 2-connected cubic graph
Gy of order 8¢ has l-reqular and 3-regular dominating functions but no
2-reqular dominating function.

Proof. First, a 1-regular dominating function g : V(G;) — {0,1} can be
defined such that g(v;) = g(y;) = 1 for 1 <4 < ¢ and g(z) = 0 otherwise.
Then g is a 3-regular dominating function of G by Observation 3.6 . It
remains to show that Hy, does not have a 2-regular dominating function.
Assume, to the contrary, that there is an integer ¢ > 3 such that Gy has a 2-
regular dominating function f : V(G¢) — {0,1}. Since N(u;) = N(w;) and
N(z;) = N(z;) for 1 < i < ¢, it follows by Lemma 2.7 that f(u;) = f(w;)
and f(2;) = f(z). In particular, f(u1) = f(w1) and f(21) = f(21).
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* First, suppose that f(u;) = f(wi) = 1. Since v; is adjacent to u;
and wy and cf(vi) = 2, it follows that f(v1) = f(a1) = 0. Since
cf(ar) = 2, it follows that f(az) = f(ae) = 1. If f(va) = 1, then
fluz) = f(w2) = f(z2) = f(z2) = 0. However then, cs(ug) =
cf(wz) = 1, which is impossible. Thus, f(v2) = 0 and f(uz) =
flwe) € {0,1}. If f(ug) = f(we) = 0, then cy(ve) = 1; while if
f(u2) = f(we) =1, then ¢f(v2) = 3. A contradiction is produced in
either case.

* Next, suppose that f(u1) = f(wy) = 0. Since vy is adjacent to uy
and wq and cf(v1) = 2, it follows that f(v1) = f(a1) = 1. This forces
f(z1) = f(z1) = 0. However then, cf(u1) = c¢f(w1) = 1, which is
impossible.

Therefore, Gy does not have a 2-regular dominating function. O

We are therefore left with the following question: Does there exist a 3-
connected cubic graph having a 1-regular and a 3-reqular dominating func-
tion but no 2-regular dominating function?
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