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Abstract:  The chromatic number of a cyclic Latin square of order 2n
is 2n + 2. The available proof for this statement includes a coloring that
is rather lengthy. Here, we introduce a coloring of cyclic Latin squares of
even order 2n (the Latin square graph of a cyclic group’s Cayley table) with
2n + 2 colors using a simple method supported by a graphical presentation.

1 Introduction

Let T, be the Cayley table of the cyclic group of order n. Then, T, is a
Latin square with the following pattern (Figure la). The (7, j)th entry of
T, has label i + j — 2 (mod n). Here, T, is called a cyclic Latin square.

We construct the Latin square graph of T;, as follows. Let G = (V, E) be
a graph whose vertices are cells of T,, and two vertices are adjacent if they
are in the same row, in the same column, or have the same labels.

V=A@l <ij<n}
{(i,7),(a,b)} e E<=i=aorj=bori+j=a+b (mod n)
Then, x(T;,) denotes the chromatic number of the cyclic Latin square graph
obtained from 7;,. The chromatic number of a graph is the minimum num-

ber of colors required to color the vertices of the graph in such a way that
adjacent vertices have different colors.
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The chromatic number of cyclic Latin square graphs was found in 2016
[1]. Some bounds were found for chromatic number of general Latin square
graphs in [2]. Later in [3], these bounds were improved and the case for
Cayley tables of abelian groups was completely solved.

However, in [1] for proof of the chromatic number of cyclic Latin squares of
even order, a coloring was introduced which was rather complicated. Here,
we give a simple coloring of the cyclic Latin square of order 2n by 2n + 2
colors.

2 Chromatic number of cyclic Latin squares

The following Theorem for chromatic number of the Latin square graph of
T,, was proved in [1] by a long argument for the even case.

Theorem 2.1. x(T},) =n if n is odd and x(T,,) =n+ 2 if n is even.

Proof. Odd Case: Assume n is odd. Clearly, x(7,) > n. To find an
n-coloring, we choose n colors for cells of the first row. Then we shift
colors for next rows and we are done. We choose colors {1,2,...,n},
then the color of the (i,j)th entry is j — ¢ (mod n) (Fig 1). It is
straight forward to see that this is indeed a coloring.

0(1|2(3)|4 01282 4 0|112 (3|4
1(2|3(4]0 i 2 | 3[R (N 2 |3 (T
2(3|4(0]1 213(4])0]1 2(3|4 |01
3(4|0(1]2 3|4(0)|1)|2 3(4|10 |12
4101123 4011|233 4 [BOAETREA 3

(a) Ts, Cyclic Latin (b) Coloring of Ts (c) 5-coloring of T}
square of order 5 by shifting colors

Figure 1: Example of a cyclic Latin square of odd order n and its n-coloring.

Even Case: Assume that n is even. By the following Corollary x(7;,) >
n+2. The following corollary was deduced from several papers in [1].

Corollary 2.1. Let G be an abelian group of order n. Then, x(Tg) >
n+ 2 if and only if G has a unique element of order 2. Here, T is
the Latin square graph obtained from the Cayley table of G.
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e Here, we introduce a coloring of T;, with n + 2 colors to show
that x(7,) = n + 2. First, we add two empty columns to the
Latin square (Fig 2). We choose n + 2 colors for the first row
and shift the colors for next rows, consecutively. The colors are
shifted twice only for the (3 + 1)th row (Fig 2c). We choose
colors {1,2,...,n + 2}, then the color of the (i,7)th cell is j —
i (mod n + 2) in the first half i < & and j —i —1 (mod n + 2)
in the second half i > 3.

of1|2]3]a]|s oS < ol
1|2]|3|als]|o 1121508 - 1|2 | g
2[3lafs]o]1 - ENRAEN 2/3/4/5]0
3lalslol1]2 3|4|5|0|1)|2 3/4l5|0|1]2
alslol1l2]3 415101 (2]3 HE
5(0(1(2(3]|4 5(0(1]2]|3]|4 1 [ 4

(a) Ts, Cyclic Latin  (b) Coloring of the first half (c) 8-coloring of T§

square of order 6 of T by shifting colors

Figure 2: Example of a cyclic Latin square of even order n and its (n + 2)-
coloring.

e This is indeed a coloring. We need to show that color of the
(i,4)th cell is different from its adjacent vertices. By construc-
tion, if two cells are in the same row, they have different colors.
The same is true for vertices in the same column, since 7}, could
be embedded in a square of dimension n + 2 colored by simple
shifts. Now we see that if two cells have the same color, they
have different labels and the proof is finished.

To see that two cells of color C' in the same half have different
colors, we use the cyclic structure of the Latin square (Fig’s
3a and 3b). Without loss of generality, assume that cells with
color C have even labels in the first half. Then, starting from
the first row, labels of these cells form an ordered sequence of
length less than or equal to 5 satisfying the order in Figure 3c.
Note that in some rows colored cells do not have labels and that
after two empty labels in the sequence, entries continue from the
second label in the order as illustrated in Figure 3a. This order
results from the fact that in each half labels of color C differ
by 2 in two consecutive rows and by 4 when there are two blank
cells separating them in the sequence (Fig 3b). Since the ordered
sequence is chosen in order from Z possible labels, it has distinct
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b+2 at2 b+l

b+4 atd

b+4 b+8 a+8

(a,a+2,a+4,a+8,..)
(b,00b+4,..)

(a) Labels of the same color differ by (b) The sequence of

2 in two consecutive rows and by 4 labels in each half has
when there are two blank cells sepa- length < % because
rating them in the sequence. some colored cells are
empty.
0 1
n—2 2 | 3
4 AR
(¢) Order of even la- (d) Order of odd la-
bels appearing in se- bels appearing in se-
quence of labels quence of labels

Figure 3: Graphical proof of Theorem 2.1: Cells with the same color have
different labels since even and odd labels appear in particular orders differ-
ing by 2.

entries. Hence, labels of color C' are different in the first half and
they are all even. The same is true for labels in the second half.
They are odd and different.

Fix a color C. We note that labels of color C in each half are either
all even or all odd since the cyclic Latin square has even order. If cells
of color C have even labels in the first half, they have odd labels in
the second half and vice versa. So, two cells of color C' have different
labels if one is in the first half and the other is in the second half.

In the coloring stated for the proof of even cases, four colors, (3, 5 +
1,n+ 1,n + 2) appear n — 1 times in the coloring. These colors
appear on entries (5 +1,n 4 2),(§,n+1),(1,n+2) and (n,n + 1),
respectively in the extra columns. The other colors appear exactly
n — 2 times. Hence, the coloring is equitable (the cardinality of any
two color classes differ by at most 1) as defined in [2]. O
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