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Abstract

Polar Grassmann codes of orthogonal type have been introduced in [1]. They are subcodes
of the Grassmann code arising from the projective system defined by the Pliicker embedding
of a polar Grassmannian of orthogonal type. In the present paper we fully determine the
minimum distance of line polar Grassmann Codes of orthogonal type for ¢ odd.
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1 Introduction

Codes C,, . arising from the Pliicker embedding of the k—Grassmannians of m-dimensional
vector spaces have been widely investigated since their first introduction in [12, 13]. They
are a remarkable generalization of Reed—Muller codes of the first order and their monomial
automorphism groups and minimum weights are well understood, see [10, 5, 6, 4].

Recently, in [1], the first two authors of the present paper introduced some new codes P,
arising from embeddings of orthogonal Grassmannians A, ;. These codes correspond to the
projective system determined by the Pliicker embedding of the Grassmannian A,, j representing
all totally singular k—spaces with respect to some non-degenerate quadratic form 7 defined on a
vector space V' (2n+1, ¢) of dimension 2n+1 over a finite field F;. An orthogonal Grassmann code
Pn.i can be obtained from the ordinary Grassmann code Cay,t1,; by just deleting all the columns
corresponding to k—spaces which are non-singular with respect to n; it is thus a punctured version
of Cop41,5. For ¢ odd, the dimension of Py, i, is the same as that of Gay41 , see [1]. The minimum
distance dpin of Py, i is always bounded away from 1. Actually, it has been shown in [1] that for
q odd, dpin > ¢F(=R+1 L gk(n=k) _ ¢ By itself, this proves that the redundancy of these codes
is somehow better than that of Copy1 .

In the present paper we prove the following theorem, fully determining all the parameters for
the case of line orthogonal Grassmann codes (that is polar Grassmann codes with k = 2) for ¢
odd.

Main Theorem. For q odd, the minimum distance dmin of the orthogonal Grassmann code Py, 2
18
d. = q4n—5 _q3n—4
min — .
Furthermore, all words of minimum weight are projectively equivalent.

Hence, we have the following.



Corollary 1.1. Forq odd, line polar Grassmann codes of orthogonal type are [N, K, dmin|-projective
codes with

2n—2 _ 1 2n __ 1 2 1
N — (¢ _ )(q ), K- (""" R
(> =1)(¢—1) 2

1.1 Organization of the paper

In Section 2 we recall some well-known facts on projective systems and related codes, as well as
the notion of polar Grassmannian of orthogonal type. In Section 3 we prove our main theorem:;
as some long, yet straightforward, computations are required, here we present in full detail the
arguments for two of the main cases to be considered, while we simply summarize the results,
which can be obtained in an analogous way, for the remaining two.

2 Preliminaries

2.1 Projective systems and Grassmann codes

An [N, K, dmin]q projective system Q@ C PG(K — 1, ¢) is a set of N points in PG(K — 1, ¢) such
that for any hyperplane ¥ of PG(K — 1,q),

|2\ X| > dmin-

Existence of [N, K, dmin]q projective systems is equivalent to that of projective linear codes with
the same parameters; see, for instance, [14]. Indeed, let  be a projective system and denote by
GG a matrix whose columns G, ..., Gy are the coordinates of representatives of the points of 2
with respect to some fixed reference system. Then, G is the generator matrix of an [N, K, diin]
code over Fy, say C = C(2). The code C(2) is not, in general, uniquely determined, but it is
unique up to code equivalence. We shall thus speak, with a slight abuse of language, of the code
defined by €.

As any word ¢ of C(2) is of the form ¢ = mG for some row vector m € Ff , it is straightforward
to see that the number of zeroes in c is the same as the number of points of 2 lying on the
hyperplane of equation m - ¢ = 0 where m -z = Zfil m;x; and m = (m) ¥, z = (2;)%. The
minimum distance dp,;, of C is thus

dmin = || — fimax, where fiax = max QN X (1)
$<PG(K—1,q)
dim S=K —2

We point out that any projective code C(€2) can also be regarded, equivalently, as an evaluation
code over Q of degree 1. In particular, when € spans the whole of PG(K —1,¢q) = PG(W), where
W is the underlying vector space, then there is a bijection, induced by the standard inner product
of W, between the elements of the dual vector space W* and the codewords ¢ of C(2).

Let Gan+1,x be the Grassmannian of the k—subspaces of a vector space V := V(2n + 1, ¢),
with £ < n and let n : V' — [, be a non-degenerate quadratic form over V. Denote by

ek Gant1,h — PG(/\IC V') the usual Pliicker embedding
eg (U1, .., 0k) = (V1 A Avg).

The orthogonal Grassmannian A, j is a geometry having as points the k—subspaces of V/
totally singular for 7. Let ex(Gont1k) = {ex(Xk): Xk is a point of Gopt1 k) and ex(A, i) =



{er(Xk): Xy is a point of A, 1 }. Clearly, we have ex (A, 1) C ex(Gant1.k) C PG(/\k V). Through-
out this paper we shall denote by P, the code arising from the projective system ex (A, k).
By [2, Theorem 1.1], if n > 2 and k € {1,...,n}, then dim(e (A, 1)) = (**F") for ¢ odd, while
dim(eg(Ank)) = (2",:'1) - (%:L_"';) when ¢ is even.

We recall that for k < n, any line of A, j is also a line of Ga,,11,. For k = n, the lines of
A, are not lines of Ga,,41,,; indeed, in this case En|An,n : Ay = PG(A" V) maps the lines of
A,, , onto non-singular conics of PG(A\" V).

Thus, for ¢ odd, the projective system identified by ex(A,, 1) determines a code of length N =

1 g2 . . e . . .
Hfzol ‘%Tll and dimension K = (2",:'1); if ¢ is even the projective system identified by e (A, x)

. . —1 g2(n—i) _ . .
determines instead a code of length N = Hfzol %Tll and dimension K = (2",:' 1) - (%?f;).

The following universal property provides a well-known characterization of alternating multi-
linear forms; see for instance [11, Theorem 14.23].

Theorem 2.1. Let V and U be vector spaces over the same field. A map f : VFE — U is
alternating k-linear if and only if there is a linear map f : /\k V — U with f(vy Avg A+ Avg) =
for,v9,...,0). The map f is uniquely determined.

In general, the dual space (A" V))* of A* V' is isomorphic to the space of all k-lincar alternating
forms of V. Observe that when dim V = 2n + 1, we can also write (A" V)* =2 AZ" 177y,

In this paper we are concerned with line Grassmannians, that is we assume k = 2. The
above argument shows that for any hyperplane 7 of PG( /\2 V), induced by a linear functional in
(/\2 V)*, there is an alternating bilinear form ¢, : V x V — F, such that pA g € 7 for p,g € V
if and only if ¢, (p,q) = 0. In particular, when one considers the set of totally singular lines
of V' with respect to a given quadratic form 7, the image of a totally singular line ¢ = (p, q)
of V belongs to the hyperplane 7 if and only if £ is also totally isotropic for ¢, that is to say
ox(p,q) = 0.

Denote by L, the set of all totally isotropic lines for the alternating form ¢ := ¢ corresponding
to a hyperplane 7 of PG( /\2 V). The number of points in e2(A,, 2) N7 is the same as the number
of lines of PG(V) simultaneously totally singular for the quadratic form 7 defining A, » and
totally isotropic for the alternating form ¢,. Hence, by (1),

min(Pn,2) = #{points of A, o} — max #{points of A, 2 N L,}.
©

In other words, in order to determine the minimum distance of PP,, » we need to find the maximum
number of lines which are simultaneously totally singular for a fixed non-degenerate quadratic
form 1 on V and totally isotropic for a (necessarily degenerate) alternating form .

Recall that the radical of ¢ is the set

Rad(p) :={v eV :Yw € V,p(v,w) = 0}.

This is always a vector space and its codimension in V is even. As dimV is odd, 2n — 1 >
dim Rad(p) > 1.

We point out that for the line projective Grassmann code Ca,41,2, it has been proven in
[10] that minimum weight codewords correspond to points of €25,—1(G2n+1,2n—1); these can be
regarded as bilinear alternating forms of V' of maximum radical.

In the case of orthogonal line Grassmannians, not all points of Ga;,41,2,—1 yield codewords of
Pn,2 of minimum weight. However, as a consequence of the proof of our main result, we shall
show in Proposition 3.18 that all the codewords of minimum weight of P, » do indeed correspond
to some (2n — 1)—dimensional subspaces of V, that is to say, to bilinear alternating forms of
maximum radical.



2.2 Generalities on quadrics

Let Q := Q(2t,q) be a non-singular parabolic quadric of rank t in PG(2t,q) and write x° =
(¢** —1)/(q — 1) for the number of its points. The points of PG(2t,q) are partitioned in three
orbits under the action of the stabilizer PO(2t + 1, ¢q) of @ in PGL(2t + 1, ¢); namely the points
of @, those whose polar hyperplane cuts on @ an elliptic quadric @~ (2t — 1,¢q) of rank ¢ — 1
and those whose polar hyperplane meets @ in a hyperbolic quadric Q* (2t — 1, q) of rank ¢. As
customary, call the former points internal and the latter external to Q. Write k, for the number
of the internal points and { for that of the external ones. Then, see e.g. [7],

_ 1 1
Ky = iqt(qt - 1), Ky = iqt(qt +1).

If Q := QT (2t —1,q) is a non-singular hyperbolic quadric in PG(2t—1,¢) or Q := Q™ (2t —1,q)
is a non-singular elliptic quadric in PG(2¢ — 1, ¢), then the polar hyperplane of a point p not in
Q always cuts a parabolic section of rank ¢ — 1 on Q. There are still two orbits of PO(2¢,¢) on
the non-singular points of PG(2t — 1, ¢); they have the same size, but can be distinguished by
the value (either square or non-square) assumed by the quadratic form defining @) on vectors
representing their points. Denote by x4 and x_ the size of these orbits, in the hyperbolic and
elliptic case respectively. We have

Ky = %qt‘l(qt -1), ko= %qt‘l(qt +1).
Fix now a quadratic form n on V inducing a quadric @ and let the symbols O and [ stand for
the set of non-null square elements and the set of non-square element of F,.

With a slight abuse of notation, we shall say that a (projective) point p is square and,
consequently, write p € O, when 7(v,) is a square for any (non-null) vector v, representing the
projective point p = (v,). Note that n(v,) € O if and only if VA € F, \ {0}, n(A\v,) € O; so, the
above definition is well posed. Analogously, we say that a (projective) point p is a non-square
and write p € [[l, when 7(v,) is a non-square, for v, a (non-null) vector representing p = (v,).
Recall the quadratic character of a point is constant on the orbits of the orthogonal group. In
particular, in the parabolic case, the external points are either all squares or non-squares. For
the internal points the opposite behavior holds.

3 Proof of the Main Theorem

In order to simplify the notation, throughout this section, whenever no ambiguity might arise, we
shall usually denote by the same symbol a point p € PG(2n + 1, ¢) and any non-null vector v,
representing p with respect to a suitably chosen basis. This slight lack of rigour will however be
harmless.

For n = k = 2, by [1, Main Result 2], the minimum distance of the code Ps 2 i dmin = ¢° — ¢*
and there is nothing to prove. Suppose henceforth n > 2, k = 2 and ¢ odd.

As
(" = 1)(¢*" > —1)
(¢—-D(?—-1) ~

by Theorem 2.1, the part on the minimum distance in the Main Theorem is equivalent to the
following statement.

#{points of A, 2} =



Theorem 3.1. Let V :=V(2n+1,q), g odd. The mazimum number of lines totally singular for
a given non-singular quadratic form n defined on V and simultaneously totally isotropic for a
(degenerate) alternating form ¢ over V is

("' 1)
(¢—1)(¢* - 1)

This section is fully devoted to the proof of Theorem 3.1. In Section 3.1 we shall introduce
some preliminary lemmata. Under a somehow further technical assumption we shall see that four
cases will need to be analyzed; they depend on the dimension and position of the radical R of
a generic alternating form ¢ with respect to the quadric . In Section 3.4 we shall perform a
detailed analysis of the first of these cases, the one yielding the actual minimum distance. The
outcome of our investigation for the next two cases will be outlined in Section 3.5; there we shall
just describe in what measure they differ from the case of Section 3.4 and summarize the results
obtained. The fourth case will be dealt with in Section 3.6. In Section 3.7 we shall drop the
assumption used in sections 3.3—-3.6 and see that the theorem holds in full generality. Finally, in
Section 3.8 the projective equivalence of all the words of minimum weight is proved.

fmax = (q3”*2 4 q3n*3 _ q3n74 + q2n o qnfl _ 1)

3.1 Some linear algebra

Throughout the remainder of the paper, we shall always denote by 7 a fixed non-singular quadratic
form on V' and by ¢ an arbitrary alternating form defined on the same space. We shall also write
M and S for the matrices representing respectively n and ¢ with respect to a given, suitably
chosen, basis B of V; write also L for the orthogonal polarity induced by n and Ly for the
(degenerate) symplectic polarity induced by ¢. In particular, for v € V, the symbols v1? and
v1w will respectively denote the space orthogonal to v with respect to 7 and ¢. Likewise, when
X is a subspace of V, the notations X+@ and X+% will be used to denote the spaces orthogonal
to X with respect to 7 and ¢. We shall say that a subspace X is totally singular if X < X+@
and totally isotropic if X < X+w. Let also R := Rad(y) and r := dim R.

Lemma 3.2. 1. For any v € V, vte = v*W if and only if v is an eigenvector of non-zero
eigenvalue of M~1S.

2. The radical R of ¢ corresponds to the eigenspace of M—1S of eigenvalue 0.

Proof. 1. Observe that v+@ = v if and only if the equations 27 Mv = 0 and 27Sv = 0
are equivalent for any x € V. This means that there exists an element A € F, \ {0} such
that Sv = AMwv. As M is non-singular, the latter says that v is an eigenvector of non-zero
eigenvalue \ for M 1S .

2. Let v be an eigenvector of M ~1S of eigenvalue 0. Then M ~1Sv = 0, hence Sv = 0 and
2T Sv = 0 for every x € V, that is v*W = V. This means v € R. 0

We can now characterize the eigenspaces of M ~1S.

Lemma 3.3. Let p be a non-zero eigenvalue of M~1S and V,, be the corresponding eigenspace.
Then,

1.VveV,andr € R, r Lgv. Hence, V,, < Rte.

2. The eigenspace V), is both totally isotropic for ¢ and totally singular for .



3. Let \,;u # 0 be two not necessarily distinct eigenvalues of M~1S and u, v be two corres-
ponding eigenvectors. Then either of the following holds:

(a) u Lgv and u Ly v.
(b) p=—A

Proof. 1. Take v € V,. As M~'Sv = pv we also have pv? = vTSTM-T. So, vT MT =
p~ 0T ST, Let r € R. Then, as ST = -8, v Mr = p=*0?STr and v Sr = 0 for any v, we
have v Mr =0, that is r Lg v.

2. Let v € V,. Then M~'Sv = pv, which implies Sv = pMwv. Hence, vT'Sv = po M.
Since vTSv = 0 and p # 0, we also have v" Mv = 0, for every v € V. Thus, V, is
totally singular for 1. Since V), is totally singular, for any u € V,, we have u” Mv = 0; so,
uT'Sv = pu” Mv = 0, that is V.. is also totally isotropic.

3. Suppose that either v Lo v or v Ly v. Since by Lemma 3.2 utQ = utw and vte = ptw,
we have Mu = A1 Suand Mv = p=1Sv. So, u £g voru Lw vimplies vT Mu # 0 # v Su.

Since M ~'Su = Au and M ~'Sv = uv, we have
v Su =0T SANTTM T Su) = XN (=M1 S0) T Su = —( A" p)v” Su;
hence, —A\" 'y = 1. O

Corollary 3.4. Let V) and V), be two eigenspaces of non-zero eigenvalues X # —p. Then, VX® V),
1s both totally singular and totally isotropic.

Proposition 3.5. If x € Vy, then Yy € V, \yT Mz =y Sz.
Proof. If x € V, then M 1Sz = \z; hence, Vy € V, yT Sz = Ay Mz. O

Lemma 3.6. The mazimum number of eigenvectors for M—1S of non-zero eigenvalue is obtained
when a complement Hy of RN RY2 in R contains a direct sum V. ® Vi of two eigenspaces of
M~1'S, each of dimension m, where m is the rank of the non-singular quadric Qo := Q N Hy.

Proof. By Claim 2 of Lemma 3.3, any maximal eigenspace V,, of M 1S with non-zero eigenvalue
is both totally singular for 1 and totally isotropic for ¢. By Claim 1 of Lemma 3.3, V,, is contained
in a complement Hy of RN R+ in R*2. In particular, V., is contained in a generator of the
quadric @, so dimV,, < m. If there were at least three distinct eigenspaces Vi, V), Vs with
A = —pu, then, obviously, 8 # £\, +u. Let ¢ = dimVy > 1. By Corollary 3.4, both Vp @& V) and
Vo @ V,, are totally singular for 7; hence they are contained in two generators, say G4 and G_
of Qo, with Vp <G NG_ and ¢ < m, dimV)y,V, <m — c. Thus, we have the following upper
bond on the number of eigenvectors of non-zero eigenvalue:

VAl + Vol + V| —3<2¢™°+¢°—3<2¢™ —2=|Gy|+|G_| — 2.

This is to say that the possible maximum number of eigenvectors of non-zero eigenvalue attained
when there are at least three distinct non-zero eigenvalues is strictly less than the number of
vectors contained in two vector spaces of dimension m.

We now show that there actually are alternating forms ¢ inducing two eigenspaces of dimension
m; this yields that the number 2(¢"™ — 1) of eigenvectors can be achieved and, consequently, this
is the maximum possible. Let G and G_ be two trivially intersecting generators of Qg with
bases respectively {bf }™, and {b; }7,. We can suppose without loss of generality that the



quadratic form 7|y, restriction of  to V' := G, & G_, is represented with respect to the basis
B’ = {bf}m, U {b; }", by the matrix

r_ (Om In,
M= (Im Om/’
where I, is the m x m identity matrix and 0y, stands for the null matrix of order m. Choose
also 7 such that V' decomposes as V = Vs Lg V' Lg R, where Vj is an orthogonal complement

of V' & R with respect to L. Define now an alternating form ¢ with radical R represented on
V' with respect to B’ by the matrix
! Om _Im
5= (Im Oum

and such that we also have V =V’ Ly Vy Ly R. This is always possible, as dim(V' 4+ V}) is
even. For any v € Gy UG_ C V|

v =l w 4L R4V = vte + R+ Vy =vte,

where by Ly, and J_’Q we denote the orthogonality relations defined by the restriction of the

forms n and ¢ to respectively V/ and V’ x V’. By Lemma 3.2, v is an eigenvector of M ~1S.
Thus, G, G_ are eigenspaces of M 1S of dimension m. O

By Lemma 3.6, the alternating forms ¢ inducing a maximum number of eigenvectors of M 1S,
determine two eigenspaces V) and V), with dim V) = dimV,, = m. In this case, Lemma 3.3, point
3 shows that, for V) and V), to be both maximal, A = —p is also required.

3.2 Sketch of the proof and setup

As outlined before our aim is to count the maximum number f of lines totally isotropic for ¢ and
totally singular for 7.

Let p be a point of  and consider the spaces p~? and p~W. Since @ is non-singular, p< is
a hyperplane of PG(V) for any p € Q, while p~" is a hyperplane of PG(V) if and only if p ¢ R.

Let now ), be the orthogonal geometry induced by 1 on p" and denote by Resq,p the
geometry having as elements the (singular) subspaces (with respect to ) through p contained in
Qp-

As each line contains ¢ + 1 points and each line through p in p*" N pL< corresponds to a
point in Resg, p, the number of lines simultaneously totally isotropic for ¢ and totally singular
for n is

f= ﬁ 7(p), where 7(p) := #{points of Resq,p}. (2)
PEQ

We distinguish two main cases.

e Case A: pte C ptw
Let B := P, UP;, and A := |B]|, where

Po:={p€Q:p™" =PG(V)}, Ag := |Pa| and

Py = {p € Q: p"" =pre}, Ay = |Py.



For any p € B, Resg,p = Q(2n — 2,q) (where Q(2n — 2, ) is a non-singular parabolic
quadric of rank n — 1). Thus, we have

q2n—2 -1

1 = A°,
q_

peP=1(p) =

The points in B, are the points of @) contained in R; by Lemma 3.2 the points in P
correspond to eigenvectors of M 1S of non-zero eigenvalue. In particular,

Vil —1
Apr = #{points of Q N R}, Ay = |U>\7;()_)i|

where V), are the eigenspaces of M~1S as A varies among all of its non-null eigenvalues.
Clearly, A = Ag + Ay .

e Case B: codimplprW Npte =1
Three possibilities can occur for Resq, p:

1. Resq,p = Q71 (2n — 3,q) is a non-singular hyperbolic quadric of rank n — 1 in the
(2n — 3)-dimensional projective space p@ Np~w; let

P :={peQ:Resq,p=Q"(2n—3,¢)} and N* = |B*|.

In particular,
("' -1 2 +1)
q—1

=: BT.

pePt=r1(p =

2. Resg,p = Q™ (2n — 3, ¢) is a non-singular elliptic quadric of rank n — 2 in the (2n —
3)-dimensional projective space p? N pt"; define

P i={pcQ:Resq,p=Q (2n—3,¢)} and N~ = [P~ |.

Then,
n—1 n—2
_ +1 1 _
pEP = 1(p) = (a q)(ql )::B .

3. Resq,p is isomorphic to a cone T'Q(2n — 4,q) having a point T" as vertex and a
non-singular parabolic quadric Q(2n — 4, ¢) of rank n — 2 as base; put

PO :={p € Q: Resg,p 2 TQ(2n — 4,q)} and N° = [p°|.

Then,
2n—3 __ 1
pep =)= D,
q—1
Clearly, as pointsets, Q \ B = BT UP  UP~.
By replacing the aforementioned numbers in (2), we obtain
1
f= ﬁ(AAO + N°B° + N*B* + N~B™). (3)
q

The aim of the remainder of the current paper is to determine the quantities A, N°, Nt and
N~ in such a way as to compute the maximum fyax of f.



Write Qr := RN Q for the quadric induced by n on R and take D as the radical of Qpg; this
is to say D = Rad(n|r); write also d = dim D. Observe that, in general, R < D+@ and the space
V' decomposes as follows

V =H® D*e; D*e = Hy® R; R=Dy&® D,

where Dy is a direct complement of D in R, H is a direct complement of D2 in V and Hy is a
direct complement of R in D+, Thus,

V=H®Hy®Dy®D.

Let also
Ry := QN Dy, Qo :=QNHy

be the quadrics induced by 7 in respectively Dy and Hy. As @ is non-singular we have
dim H = dim D = d, dimHy=2n+1— (r+d), dim Dy =r —d.

Denote by m the rank of Qq; since for any generator X of Qg we have X +D C @, then d+m < n.
The function f in (3) is then dependent on r and d. The possible ranks of Ry and Qg are outlined
in Table 1. These correspond to four cases to investigate. In particular, we shall denote by fi(r, d),
1 < i < 4, the function providing the values of f in a given case i and by fi__ its corresponding
maximum.

3.3 Forms for M and S

In this section we shall determine suitable forms for the matrix M and S which should provide
the maximum possible values for f under the following Assumption 3.7; this shall be silently used
in Sections 3.4-3.6 and removed in Section 3.7.

Assumption 3.7. The mazximum of the function f can be attained only if for a given radical R
the number of eigenvectors Ay for M~1S is mazimum.

It is always possible to fix an ordered basis B = By U By, U Bp, U Bp of V such that

By = {by...bs} is an ordered basis of H;

Br, = {bd+1---bons1—r} is an ordered basis of Hoy;

Bp, = {bant2-ry---sbant1-a} is an ordered basis of Dy;
Bp = {bant2—-d---bant1} is an ordered basis of D.

(4)

As all parabolic quadrics of given rank are projectively equivalent, the matrix M representing
@ with respect to B may be taken of the form

0 0 0 I
o @ o o
M=109 0o R, ol (%)

Iy, 0 0 O

where Ry and Qg are given by Table 2, according to the cases of Table 1. Here, with a slight
abuse of notation, as no ambiguity may arise, we use Ry and () to denote both the matrices and
the corresponding quadrics.

Observe that there is always a vector z = (0,...,0,1,0...0) € V such that 27 Mz = 1; the
exact x to be chosen according varies to the case being considered as described in Table 3. It can
be seen directly that the hyperplane % cuts @Q in a section which is hyperbolic for cases 1 and
3 and elliptic otherwise; thus, the correspondence of Table 3 between square/non-square points
and internal/external points to @ is determined using the remarks of Section 2.2.



case ‘ parity of d ‘ type of Ry ‘ rank Ry ‘ type of Qo ‘ rank Qg

1 odd hyperbolic (r—d)/2 parabolic n—(r+d)/2
2 odd elliptic (r—d)/2—1 | parabolic n—(r+d)/2
3 even parabolic | (r—d —1)/2 | hyperbolic | n— (r+d—1)/2
4 even parabolic | (r—d—1)/2 elliptic n—(r+d+1)/2

Table 1: Decomposition of the quadric @

Case Ro Qo Case Ryo Qo
0 I O 0 I O
1 R{f::(? f)) I 00 3 I 00 Q(T:((I) é)
0 0 1 0 0 1
7 o0 o)l (010 0 10 700 o
2 Ry = I 0 O 4 I 0 O Qq =
0 0 1 O 0 0 1 0 0 1 0 0 1 O
0 0 0 —¢ 0 0 0 ¢

Table 2: Matrices for Ry and Qg
In this table £ is a non-square in Fg; the order of the identity matrices I and the null matrices 0
is provided by Table 1.

Lemma 3.8. Let p € R be a singular point with respect to n. If the points external to @ are
squares, then

e p Pt if and only if pT SM~1Sp € —[;
e pcP° if and only if pT SM~1Sp = 0;
e p €PB if and only if pf SM~1Sp € —~[Z.
When the points external to Q@ are non-squares, the classes B+ and P~ are exchanged.

Proof. Let W, := p" and write ap = W,,LQ for the point orthogonal with respect to n to the
hyperplane W,,. Then, a,J,' @ = ptw . In particular, the following two equations are equivalent for
any x:
zTSp =0, :ETMap = 0.
In other words, there exists p € F, \ {0} such that pSp = Ma, and, consequently, a, = pM ~1Sp.
Observe that the point a, belongs to p*<, as p? Ma, = pp? MM ~'Sp = ppT Sp = 0. Clearly, p
is an eigenvector of M 1S if and only if p = a,. In this case p € P.
Suppose now p not to be an eigenvector of M 1S and consider the quadric

Q=W,NQ=0a,°NQ.

Observe that the the residue at p of @, is either an hyperbolic, elliptic or degenerate quadric
(more precisely, in the latter case, a cone with vertex a point and base a parabolic quadric)
according as a, is external, internal or contained in @, N pte. Thus, the three cases above are
determined by the value assumed by the quadratic form n on a,, that is by

al Ma, = p*p" STM~ T MM~ Sp = —p*p" SM~"Sp.

The result now follows. O

10



case ‘ T ‘ zre nNQ ‘ internal points | external points

1 (02—, 1,0,.) | hyperbolic non-square square
2 (02p—r,1,0,) elliptic square non-square
3 (02p—d,1,04) | hyperbolic non-square square
4 (021,—q,1,04) elliptic square non-square

Table 3: Internal/external points for @

v Non-null entries in U

Case S

22
I

1,2 -I 0 n—(r+d)/2 1 in the position Uy 2y 41— (r4a)
0

0
0
0 0
I 1
3 ( ) n—s(r+d-1) None

e if « = 0, a non-
singular 2 X 2 minor
Ur contained in the
last two columns of

n—s(r+d+1) U.
e if a # 0, possibly a
2 X 2 minor U; con-

tained in the last two
columns of U.

|

~
S OO M~
o0 OO

Table 4: Structure of the matrix S

For any p € R we have Sp = 0; if p € V), where V) is an eigenspace of M ~1S, then
pTSTM~1Sp = ApT STp = 0. In particular, the coordinates of all the points of B (see Section 3.2)
satisfy the system

6
pT Mp = 0. ©)

{pTSTM1Sp =0
Lemma 3.9. Suppose ¢ to be an alternating form with a mazimum number of totally isotropic
lines which are also totally singular for the quadric Q. Then ¢ can be represented with respect to
the basis B by an antisymmetric matriz of the form

Si U 0 0

| -UT 55 0 0

=l o o o ol (™)
0 0 00

where S = —ST, and U, Say are given by Table 4.

Proof. The generic matrix of an antisymmetric form with radical R is of the form (7), with Sy
and Soo antisymmetric and U arbitrary. By Lemma 3.6 and Assumption 3.7, if the number of
totally isotropic lines which are also totally singular is maximum, then there are two maximal
subspaces of dimension m contained in a complement Hy of R N R*? in R+@ which are both
totally singular and totally isotropic. Thus, we may take the first two blocks of columns of Sy, as
described in Table 4. Observe that the linear transformation induced by

11



oo oN
oo ~NO
o ~NQ0COQC

o oo

Z—T

with Z a non-singular d x d matrix, acts on M and S as follows

7782 ZTU 0 0
~UTZ S 0 0

T _ T _ 22
DTMD=M, DTSD= 0 > 0 o
0 0 0 0

In particular, by a suitable choice of Z, the matrix U can be assumed to be of the form

(6 o)

where [ is either the 1 x 1 or 2 x 2 identity matrix, according as the case being considered is 1, 2
or 4.
O

3.4 First case

Throughout this section we shall write the coordinates of a generic point p with respect to the
basis B given by (4) as
b= (X17Z1az27y7x25y2)

n—(r+d)/2

where y € Fy, 21,22 € Fy , X1,y2 € F4 and x; € ]F‘((Ir_d)

. Furthermore, z € F, is taken to

be the first component of the vector x;. By Tables 1 and 2, we have Ry = R = (? é) with

I the identity matrix of order (r — d)/2. Then,
plSTM=1Sp = —22 + 225727 and p' Mp = 22572, + > + XZTR(J{X2 + 2x1Tys.
We need a preliminary technical lemma.
Lemma 3.10. The following properties hold.

1. For any given 3 € F,\{0}, the number of solutions (y,x2) of the equation y?>+x27 Rf x2 = 3?
is q(rfd)/2(q(7‘fd)/2 + 1)

2. Consider the quadratic form 0(z,z1,22) = —2% + 2227 2z1. Then the number of vectors
(2,21, 22) with z # 0 such that 0(z,21,22) € —0 is

g—1 n—(r n—(r — n—(r n—(r -
7(qz (r4d) _ g2n=(rtd)=1 4 gn=(r+d)/2 | gn—(r+d)/2 1). (8)

Proof. 1. Let £(y,x2) = y? + x2T R x2 be a quadratic form defined on J := (b2, 11—+, Bp,),
where the coordinates of vectors are taken with respect to the basis {b2,+1-»} U Bp,. Then
¢ induces a parabolic quadric R’ of rank (r — d)/2 and the polar hyperplane of the vector
(1,0,...,0) = (1,0) € J cuts a hyperbolic section on R’. So, (1,0) is external to R’ and,
consequently, its orbit has size %q(r’d)/g(q(r’d)/2 + 1). Furthermore, £(1,0) = 1 € OJ; thus
the points external to R’ are always squares and they number to 2¢("~%/2(g('=9/2+1). Note
that for each square point p there are exactly 2 vectors vy, va representing p = (v1) = (va)

such that £(vy) = &(ve) = 2; thus, the overall number of solutions of the equation is
= D/2(gr=D]2 4 1),

12



2. Consider the quadratic form 6(z,z1,22) = —2z? + 22z272; defined on the space J' :=
(b1, Br, \ {b2n+1—r}). Observe that the point (1,0,...,0) = (1,0) € J' is always external to
the parabolic quadric of equation 6(z,z1,22) = 0, as its polar hyperplane cuts a hyperbolic
section of equation 2z27z; = 0. Note that #(1,0) = —1 — namely, 6(1,0) is a square if
—1 € O and a non-square otherwise. This gives that the number of vectors on which 6
assumes a square value when —1 € [ is the same as the number of values on which 6 assumes
a non-square value for —1 ¢ [J. In particular, for —1 € [J, the number of such vectors is the
number of vectors (z,z1,z2) corresponding to external points to 6(z,z1,2z2) = 0, excluding
those lying in the hyperplane z = 0. This gives (8). The same number is obtained for
—1¢0.

O

Proposition 3.11. Suppose we have a form ¢ yielding the mazimum possible number of totally
singular and totally isotropic lines in Case 1. Then,

—(r+d)/2 _ -1 _ 2n—1 _
A Qqn (r+d)/ 1 I q" 1 +(](T+d_2)/2; NO — q" 1 — A

q—1 q—1 q—1

Nt = % <q2n71 4 221 e (rd)2-1 qnfl) :

N- = % (q2n—1 _ q2n—(7’+d)/2—1 _ qn,+(r+d)/2—1 i qn—l) )
Proof. By Assumption 3.7, in order for the number of totally singular, totally isotropic vectors to
be maximum we need M 1S to have two eigenspaces Vj, V,, of non-zero eigenvalues A, u = —A,
both of maximal dimension m = n — (r + d)/2; thus, Ay = 2%. As the quadric Qg

induced by n on PG(R) can be seen as the product of a hyperbolic quadric of rank (r — d)/2 with
a subspace of dimension d, we have

r—1 1

Agr = #{points of Qr} = %

— + g(rHi=2/2,

It is now straightforward to retrieve A.
For any p € @, we have p € B° if and only if p € B and the coordinates of p are solution of
System (6), that is
—22 4225721 =0
9)
225721 + 1% + XzTRarxz +2x, Ty, = 0.
To determine the number of solutions of (9) we distinguish three cases:

e x3 = 0; consequently we also have z = 0. Under this assumption the first equation in (9) is
T, ()
7o' z1 = 0; it has

(qn—(r+d)/2 _ 1)(qn—(r+d)/2—1 + 1) +1

solutions in (z1, z2), that is the number of singular vectors for the hyperbolic quadratic
form z27'z, of rank n — (r + d)/2. Given z; and z2, we can choose y2 in an arbitrary way;
thus it can assume ¢? values. Finally, the second equation in (9) is fulfilled when the vector
(y,x2) is singular for the parabolic form y? + x27 Rf x2 of rank (r — d)/2; that is to say
there are ¢"~% possibilities for it.

Thus, the number of (projective) points whose coordinates satisfy (9) with x; = 0 is

N0 — qr(q2n7r7d71 + qnf('r‘+d)/2 _ qnf(Ter)/Qfl) -1
1 = .

qg—1
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o Assume now z = 0 and x; # 0. The first equation in (9) is the same as before; thus
the vector (z1,22) can assume (¢"~ ("t9/2 — 1)(g"~(+dD/2=1 £ 1) 4 1 distinct values. As
z = 0 and x1 # 0, the vector x; can be chosen in g1t —1 ways, while y and xg are
arbitrary — thus there are respectively ¢ and ¢"~% possibilities for these. Observe that
given z1,Z2,y, X1, X2 the second equation in (9) is a non-null linear equation in yg; thus
there are q%~! possible solutions ys. Overall we get that the number of projective points
satisfying (9) with z = 0 and x1 # 0 is

_4q d—1 2n—r—d—1 n—(r+d)/2 n—(r+d)/2—1

N = -1 = :

2 q_lm )(q +q q )

o Finally, suppose z # 0. Clearly, there are (¢ — 1) possible choices for z and, consequently,
¢ '(q — 1) choices for x;. The first equation in (9) becomes z37z; = 22. Observe

2n—r—d__
Tz, assumes a given square value 22 for exactly (< !

that the hyperbolic form zq

(qnf('r'+d)/2_1)(qn7(7'+d)/271+1)
q—1

chosen arbitrarily; that is to say, there are respectively g and ¢"~¢ possibilities. Finally, as

in the previous case, the vector ys must be the solution of a non-null linear equation in

d unknowns; thus, it can assume ¢~ ! distinct values. So, for z # 0, then the number of

projective points being solutions of (9) is

qg—1

)3 - 2 choices of (z1,22). The values of y and xz can now be

N?()) — q2n72 _ qn+(r+d)/272.

In particular,
q2n71 —1
qg—1
By Lemma 3.8 and Table 3, p € B if and only if p? SM~1Sp € —[. Thus, the coordinates
of the points of P satisfy

NO=NY)+ NQ+NJ - A= — A. (10)

—22 422,72, € -0
(11)
222721 + 4% + szRgxz +2x1 Ty, =0

We argue as above.

e Suppose x3 = 0; hence z = 0. The vector y2 can be chosen arbitrarily; thus, it may assume
q% values. The first equation in (11) gives 2z27z; = — 2 for some element 8 € F, \ {0}.
As the quadric induced by 2z27z; is hyperbolic, there are

1

)5 (a—1)

(q2n—r—d -1 B (qn—(r+d)/2 _ 1)(qn—(r+d)/2—1 T 1)
q—1 q—1

possible vectors of V(2n —r — d, q) on which the quadratic form 2z,7'z; assumes a value
opposite of a square. Observe that for any of these choices of (z1,22), an element —/3? is
determined by the first equation. Given such 32, the second equation becomes

B2 =y? + x2" R xa.
By Claim 1 of Lemma 3.10, the number of solutions of this equation is ¢("=9/2(g(r=4)/2 1),
So, the contribution of this case to the number of points fulfilling (11) is
(q2n7r7d71 _ qnf(rer)/Zfl)(qr + q(r+d)/2)

N = 5
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e Suppose now x; # 0 and z = 0. The vector x;, clearly, can assume ¢%~! — 1 distinct

non-null values. The analysis of the first equation in (11) is exactly as before and gives that
q2n7r7d_l (qn—(7‘+d)/271)(qn—(r+d)/271+1)

q—1 qg—1
The values of y and x5 may be assigned arbitrarily, thus there are respectively ¢ and ¢
possibilities for them. Finally, yo can assume ¢?~! different values, this being the number
of solutions of a linear equation in d unknowns. So, for z = 0 and x; # 0, the number of
projective points solution of (11) is

)3+ (g — 1) values.
r—d

the vector (z1,22) can assume (

2n—r—d—1 __ qn—(7'+d)/2—1)(qd—1 _ 1)qr
2

e Assume now z # 0. By Lemma 3.10, Claim 2, —22 + 2z57z; € — has

q—1 (an—(r+d) _

2n—(r+d)—1 n—(r+d)/2 n—(r+d)/2—1>
9 +q +q

q

solutions in (z,z1,22). For x; there remain qd_1 possibilities since the first coordinate z
has already been taken into account in the first equation. As before, the values of y and
X2 can be assigned arbitrarily, that is in respectively ¢ and ¢"~% ways and y is a solution
of a linear equation in d unknowns; thus there are ¢?~! possibilities for the latter. The
contribution of solutions in terms of projective points to the system (11) for z # 0 is

2n—1 + qn+(r+d)/2—1 _
2

2n—2 + qn+(r+d)/2—2

q q

N =

In particular,
q2n71 + q2n7(r+d)/271 + qn+(r+d)/271 _ qnfl
2

Nt =N+ NS+ N = (12)

The value of N~ can now be recovered either with a similar argument, or by just observing that
N~ = #{points of Q(2n,q)} — (A + N°+ N*). :

Proposition 3.12. The function f(r,d) attains its maximum fl.. forr=2n—1andd=1,

where it assumes the value

ax

qnfl o 1)(q3n72 4 q3n73 . q3n74 + q2n o qnfl o 1)
(¢—1)%(q+1)

Proof. By plugging the values of A, N, N* and N~ into (3), we get

fo=fen—11) ="

P d) (g 1) (q=1)2 = @273 (g—1)(g" +qUr /2L _ g(r+d)/2=1 | gn—(r+a)/241 | n—(r+d)/2) 4
ginE _ rl et g2n3 g 1 (13)

Recall that from the last paragraph of Section 3.2, 1 < d < min{r,2n — r}.
Let s = r + d. It is straightforward to see that f(r,d) is maximum if and only if g(r,s) is
maximum, where

g(?“, S) — qn—s/2+1 _’_qn—s/Q +qs/2+1 _ qs/2—1 + qr—l, (14)
with the constraints 1 <r <2n —1 and

r+1<s<min{2r, 2n}. (15)
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In order to determine the maximum of g(r, s) in its domain, we regard it as a continuous
function defined over R? and then we reinterpret its behavior over Z2. So, we can consider the
derivative

gg(’r’ 3) _ log q (q5/2+1 _ qn—s/2+1 _ qs/2—1 _ qn—s/2) ) (16)
0s 2
This is positive for
1
¢ (q — q) >q" (g + 1),

that is q
> log, ——. 17
5 >mn+log, —1 (17)
As 1 < 45 < g, also 0 <log, 47 < 1, and (17) gives s > n + 1. Hence, for s > n+1 the
function g(r, s) is increasing in s, while for s < n it is decreasing. Define

h(r) := max g(r, s),
S
where s varies in all allowable ways for any given r. The following cases are possible:
o for s > n+ 1 the maximum of ¢(r, s) is attained when s is maximum, that is
h(r) = g(r,max s),

where by max s we denote the maximum value s may assume, subject to the constraints of
(15). This leads to the following two subcases:

1. if r > n, then max s = 2n and
h(r) := maxg(r,s) = g(r, 2n).
S

By (15), r < s < 2n is odd and by

0 0 R
Eh(r) = 59(7‘, 2n) =¢" " loggq > 0, (18)

the value of h(r) = g(r,2n) is maximum for r maximum, that is r = 2n — 1. Since

s = r 4 d by definition, as r = 2n — 1 and s = 2n, we have d = 1. So, g(r,s) is

maximum for » = 2n — 1 and s = 2n. The value assumed in this case is

g@2n—1,2n) =" P+ " =" g+ 1L (19)

2. if r <mandalso s >n+1, then n+1 < s < 2r implies r > (n + 1)/2. Since

s < 2r < 2n, by (15), we have max s = 2r. Thus,

h(?“) — g(r, 27“) — qr+1 + qn—r+1 4 qn—r_
Then,

8 T n—r n—r
5, M) = (logg) (¢t =gt =g

We have %h(r) > 0 if and only if (r + 1) > (n —r) + log,(¢ + 1), that is 2r >
n—1+log,(¢+1),ie. 2r >n+ 1. In particular, for 2r > n + 1, the function h(r) is
increasing and it attains its maximum for r = n, where

h(n) = ¢"t' + g+ 1= g(n,2n).

This is smaller than (19); so in the range ”T'H <r < 2n — 1 the maximum is given by
(19).

16



e Suppose now 2 < s <n+ 1; then, as d > 1, we have r < s — 1 and

r—1<s—-2<n-1
n—s/2+1<n

n—s/2<n-1 . (20)
s/2+1<n/2+3/2
$/2-1>0.

Using the estimates of (20) in (14) we get
g(r,s) < " +2¢" 1 4 ¢V/F32 =1 g, (21)
Observe that the value go from (21) is always smaller than that of g(r, s) given by (19).

The above argument proves that the maximum of g(r, s) is always attained in (19); consequently,
the maximum for f1(r,d) is fl,. = f'(2n —1,1). O

In particular,

2n
" —1gq 1 An—5 3n—4

g—1 q—1 q41 Tmex=0 71

Thus, this case correspond to words of minimum weight and these words are alternating bilinear
forms with a radical of dimension 2n — 1, that is to say, they correspond to some points of

2n—2 _ 1 1

Gont1,2n—1-
We now show that in the three remaining cases f(r,d) cannot ever be larger than f. ..

3.5 Cases 2 and 3

Cases 2 and 3 can be carried out in close analogy to Section 3.4. The values they yield for f2, .
and f3 .. turn out to be always lower than fl . . The following proposition summarizes the

results; its proof is quite analogous to that of Proposition 3.11.

Proposition 3.13. Suppose we have a maximum number of totally singular totally isotropic
lines and Assumption 3.7 holds. Then,

e In case 2,
n—(r+d)/2 r—1 2n—1

Mt Sl TR V. it Sy
qg—1 g—1 q—1

N q2n—1 4 q2n—(7'+d)/2—1 _ qn+(r+d)/2—1 _ qn—l
Nt = :
2 )

q2n—1 _ q2n—(r+d)/2—l =+ qn+(r+d)/2—1 + qn—l
5 .

A=24

N~ =

e In case 3,

A 2qn—(r-‘,-d—l)/Q -1 qr—l -1 q2n—1 + qn+(r+d—1)/2 _ qn+(r+d—1)/2—1 -1

q—1 T q—1
2n—r—d __ qn—(r+d+1)/2

2(g—1)

q

Ni _ (qT+d—1 4+ q(r+d—1)/2).
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Using arguments similar to those of Proposition 3.12, we can show that for n > 3 the maximum
number of totally singular totally isotropic lines is attained when the radical R of the alternating
form ¢ is as large as possible. Our results are described by the following proposition.

Proposition 3.14. For 1 <i < 3 denote by fi(r,d) the function f(r,d) obtained in case i and
by fi. its mazimum. The values of r,d where f attains its maximum fi _ fori=1,2,3 are
those outlined in Table 5.

Case‘ n=3 | n>3

1 r=5 d=1|r=2n—-1, d
2 r=1, d=1|r=2n-1, d
3 r=1, d=0|r=2n-1, d

Il
O ==

Table 5: Maxima for the functions f(r,d).

3.6 Fourth case

As Qg is elliptic, we have from Table 4
qn—(7'+d+1)/2 -1 qr—l -1

A=2
q—1 * qg—1
Recall that A° > BT > BY > B~ thus,
1 n_1 Ay — Bt n_1
4 o< —(Adg+ (L —A)Bt) =22 A+ L B*.
g+1 qg—1 qg+1 g —1

Some straightforward algebraic manipulations show that
Fmax(r, ) (g = 1)*(q +1) < 7(r,5),
where s = r + d and
7(r,s) = ¢"(¢"" = 1)(g = 1)(¢"* +2¢" )4
g3 Bl B2 g2 4 9203 _ 20 | gn—1 _ggn=2 |
Regarding 7(r, 5) as a function defined over R?,

_q3n7(s+5)/2 +q3n7(s+7)/2 +q2n7(s+3)/2

_ q2n7(s+5)/2> <0

0
—(r,s) =1o (
557 (1 8) =logg
In particular, the maximum of 7(r, s) is attained for s minimum, that is s = r. Thus,
h(r) := max7(r,s) = 7(r, 7).
S
By computing %h(r), we see that the function h(r) has one critical point in the range 1 < r <

2n — 1 and this critical point is a minimum. Thus, the maximum of h(r) is for either » = 1 or
r = 2n — 1. We have

h(].) _ q4n—3 + q3n—1 _ q3n—2 + 2q3n—3 _ 2q3n—4 _ 4q2n—2 =+ 3q2n—3 _ q2n =+ qn—l _ qn—2 +1
h(27’L _ 1) _ q4n—3 4 q4n—4 _ q4n—5 4 an—l _ q3n—2 _ q3n—3 4 q?m—4 _ q2n—2 _ q2n + 1’
and h(1) < h(2n —1). In any case, fi,. < % = flax
Proposition 3.15. Under Assumption 3.7, the mazimum of the function f(r,d) is fl.., attained

in case 1, forr = 2n — 1 and d = 1; consequently, the minimum distance of the orthogonal
Grassmann code Py, 5 is ¢*"~° — ¢4,
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Type of £ | #({NPH)  #UNW) #({NP~) | Corresponding set
0 0 g1 0 AU
+ q 1 0 At
q+1 q+1 a
p e ) e As
2 2
— 0 1 q A~

Table 6: Types of lines in A,, » and corresponding subsets

3.7 Removal of Assumption 3.7

We are now ready to drop Assumption 3.7. Let W be the quadric induced by the matrix
W = SM~1S, as studied in Lemma 3.8. We say that a line £ € A,, 5 is of type 0, +, a, 8 or —
according to the conditions in Table 6; observe that actually £NW = £ (P UPO).

Lemma 3.16. For any choice of M and S we have

2n—2 _ 1

o1 q(#AT —#A7).

Proof. We count the number of flags of type (p,¢) with p € P~ or p € P+ and £ € Ay, in two
different ways. Let

6" = {(pag) ‘pe m_vp € £a€ € An,?}-

lines of Ay, through any point p € Q we have

@21

As there are exactly s

2n—2 __ 1
#G6~ =N~
q—1
On the other hand, only lines of type «, 8 or — are incident with points of 8. Using Table 6 we
get

1 -1
#G*:q#A*+gg—#Aa+25—#A@
So,
2n7271 1 -1
N T un 4 i#Aa + 4 "uns,
q—1 2 2

By the same counting argument on &1 := {(p,¢) :p e PT,p e {,£ € A, 2}, we have

q2”72—1 q+1 1

Nt STy S BTy S TN
q—1 2 2
Consequently,
B q2n72 -1 n _
(NT - N )T:‘J(#A —#A7).

O

Proposition 3.17. The mazimum of the function f is fl.., as described in Proposition 3.15.

ax’
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Proof. Both the lines of AT and those of A~ are simultaneously tangent to () and 1-secant to
W. In particular, all of them are tangent to both @ and W at some point p € @ N W. Thus,

q2n—2 —1
A fortiori,
q2n72 -1
HFAT = AT < F——#(QNW);
q-—
consequently, by Lemma 3.16,
q2n -1
5::(N+—N)§q#(QﬁW)<qq_1. (22)
Since BT + B~ =2B°% BT — B = ¢"72, A’ — BY = ¢>"=3_ we can rewrite (3) in the form
2n_1 2n—3_1 211_1
(q+1)f = A(A°— B%) + B° L= 1 §(B* — B%) = A¢>" " +6¢" 2 + 1 T~ (23
q—1 qg—1 q—1
Using the estimate of (22) this becomes
f - Aq2n—3(q _ 1)2 + q4n—3 _ q3n—1 _ q2n—3 + an _ q2n _ qn + qn—l +1 (24)

(@ +1)(g—1)?

4n—3+q4n74+

Suppose now f > fl = W. Then, A¢®"3(q — 1)? > ¢*"%; thus, A ~ ¢*" 3.

Observe now that A = Ay + Ar with Ay < 2q::11. In particular, we have Ar ~ ¢®" 3. As
AR = #(Q N R) this gives r = dim R > 2n — 1. As R < D+2, we obtain d < 2. For d = 1 there
are no possible eigenspaces contributing to Ay and we end up in either case 1 or 2, according
to the nature of Ry; thus, f = f1L... Likewise, for d = 2 there are also no possible eigenspaces
contributing to Ay and we are done. Finally, for d = 0 then M 'S has necessarily two eigenspaces
of dimension 1, that is of maximal dimension; thus we end up in either case 3 or 4. In particular,
all possible configurations have been already investigated and we can conclude f = f1 .. O

3.8 Minimum weight codewords

Proposition 3.18. All minimum weight codewords are projectively equivalent.

Proof. By Proposition 3.17 a minimum weight codeword corresponds to a configuration in which
dimR =2n-1,d=1and dim V) = dimV,, = 0. The form of the matrices M and S with respect
to the basis B of Section 3.3 is as dictated by Case 1. In particular, we have with respect to B

00 0 1 0 1.0 0
01 0 0 -1 0 0 0
M_OOR(J{O’S_OOOO
1 0 0 0 0 0 0 0

This means that, up to projective equivalence, M and S are uniquely determined. The result
follows. 0
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