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Odd harmonious labeling of the converse skew
product of graphs

H.M. HAFEZ*, R. EL-SHANAWANY AND A.A. EL ATIK

Abstract. In this paper, we utilize the ideas of odd harmonious labeling
and the converse skew product to obtain more odd harmonious graphs.
Also, we investigate its a-labeling. Finally, we define with proof a necessary
condition for preserving odd graceful.

1 Introduction and preliminaries

A graph that has order n and size m is called a (n, m)-graph. Let G(n,m)
be a graph. An injective vertex function f : V(G) — {0,1,2,...,m} is said
to be graceful [13] if f*(uv) = |f(u) — f(v)| from E(G) to {1,2,3,...,m} is
injective. A graph that admits a graceful labeling is called graceful graph.
A graceful graph G is said to be a-valuable if it has a graceful labeling
f such that for some positive integer A\ either f(u) < X\ and f(v) > A
or f(u) > A and f(v) < A for every edge uv € E(G). A is said to be
the characteristic of f. Gnanajothi [6] defined a graph G(n,m) to be odd
graceful if there is an injection f : V(G) — {0,1,2,...,2m — 1} such that,
if the label of each edge wv is defined as f(uv) = |f(u) — f(v)|, the set
of all edge labels is equal to {1,3,5,...,2m — 1}. A function f is said to
be an odd harmonious [10] labeling of a graph G with m edges if f is an
injection from the vertices of G to the integers from 0 to 2m — 1 such that
the induced mapping f*(uv) = f(u) + f(v) from the edges of G to the odd
integers between 1 to 2m —1 is a bijection. If G(n,m) is an odd harmonious
graph with odd labeling f such that f(u) < m, for all u € V(G), then G is
called strongly odd harmonious and f is called a strongly odd harmonious
labeling of G. In [14], Seoud and Hafez proved that a—valuable graphs
are odd harmonious and strongly odd harmonious graphs are a—valuable
graphs. Let G(n,m) be a graph that admits a strongly odd harmonious
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ODD HARMONIOUS LABELING OF THE CONVERSE SKEW PRODUCT

labeling f. Then the mapping g : V(G) — {0,1,2,...,m} defined by
£ f(u) is even

= 2 1

9(w) { m— 7““2)71 f(u) is odd (1)

is an a-labeling for G, see [14]. Conversely, if G is a bipartite graph with
bipartition (A4, B) and f is an a-labeling of G such that f(u) < A for all
u € A, then the mapping

20— f(u ueA
9(“):{ QEf(u)Ej\;—l ueB (2)

is an odd harmonious labeling of G, see [3,14].

Let G = (V(G),E(G)) and H = (V(H), E(H)) be two graphs. The con-
verse skew product G 57 H [15] has V(G) x V(H) as its vertex set and
u = (x1,y1) is adjacent to v = (z2, y2) whenever [y; = y2 and 2125 € E(G)]
or [t122 € E(GQ) and y1y2 € E(H)]. The symmetric difference G & H has
V(G) x V(H) as its vertex set and u = (z1,y1) is adjacent to v = (z2,y2)
whenever z122 € E(G) or y1y2 € E(H) but not both. The composi-
tion G[H] has its vertex set V(G) x V(H) and u = (z1,y1) is adjacent to
v = (x2,y2) whenever [z122 € E(G)] or [x1 = x2 and y1y2 € E(H)]. Ac-
cording the definition of the converse skew product, G(ny, m1) <7 H(ng, ms)
has mi(2mg 4 n2) edges. The m—splitting graph [1], Spl,,(G),m > 1, of
a graph G is the graph obtained by adding to each vertex v of G new m
vertices, say vi,va,...,VUm, such that v;;1 < ¢ < m, is adjacent to every
vertex that is adjacent to v in G. The m—shadow graph [1], D,,,(G),m > 1,
of a graph G is obtained by taking m copied of G say G1,Ga,...,Gp, and
then join each vertex u in G; to the neighbours of the corresponding vertex
vin Gj,1 <5 <m.

Vaidya [17] proved that D(G) is odd harmonious whenever G is P, and
K . Jeyanthi and Philo [7] proved that Ds(G) is odd harmonious when-
ever G is Ky ,, and Clyy,. Abdel-Aal and Seoud [2] proved that the graph
D,,,(G) is odd harmonious whenever G is P, Kp, n, D2(Py). Jeyanthi and
Philo [8] proved that the graph D,,(G) is odd harmonious whenever G
is Pp, K, D2(Py), Cam.  Sarah Minion and Christian Barrientos [11]
proved that G @ Ko = G[K3] has an a-labeling whenever G has an a-
labeling. Abdel-Aal [1] proved that the graph Spl,,,(G) of a graph G is odd
graceful whenever G is P,,, Ky, n, D2(Py,), Cam. Sathiamoorthy, Natarajan,
Ayyaswamy, and Janakiraman [4] proved that the splitting graph of a cater-
pillar graph is graceful. For a dynamic survey of graph labeling, we refer
to [5].
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Figure 1: K(5): V(K,,) = {y1,92}, V(Ky,) = {y2,y3,04}, V(K,;) =
{y3,ya}, and V(K,,) = {ys, y7}

Denote the vertices of P,,n > 2, by uy,us, ..., u, such that
uiuiﬂ,i: 172,...,n—1,

is an edge. Throughout the paper, let {K;(n),n > 2} be the class of
graphs obtained from P, by joining the end vertices of the edge u;u;41
to every vertex in the complete graph K,,,¢ = 1,2,...,n — 1, of order 7;,
such that |V(K,)NV(K, )| =t , where t = 0,1,2,..., Min{r;,ri;1}
and V(K,,) NV(K,,) = @,]i — j| > 2, see Figure 1. For simplicity, we
denote V(k,,) by V; and refer to elements in {K;(n),n > 2} by K(n). Note
that [V(K(n)| = 21 ri +n = 35207 Vi N Vi | and |E(K (n)] =
ST () = o (Yt

We note that D,,(G) = G[K,| = G v K, = G v K(2), where K(2) is
obtained form P, by joining u; and us to every vertex in the complete
graph K, _». In the next section, we prove that the graph G 7 K (n),n > 2
is odd harmonious whenever G is odd harmonious. This result generalizes
the results in [2,7,8,11,17].

2 Main Results

Theorem 2.1. If G is odd harmonious, then the graph G 7 K(n) is odd
harmonious.

Proof. Let G(p, m) be an odd harmonious graph with odd harmonious la-
beling f. Let V(G) = {u1,u2,...,up} and V,,V, be the partite sets of
V(G) such that V. = {u; € V(G) : f(u;)is even} and V, = {u; € V(G) :
f(u;)is odd}. Denote the vertices of K (n) by yo, 1, - - -, Ya—1, Where a is the
number of vertices of K (n), in such a manner that the vertices of P,, take the
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following labels Yo, Yry+15 Yry trat...dridi— ([VAOVa |+ VanVs | 4ot [VinVig )5 § =
2,3,...,n — 1 and the vertices in V; N V;4; are assigned labels with higher
subscripts than the labels assigned to the vertices in V;\V;NV; 1, see Figure
2. Recall that G 57 K(n) can be constructed by taking a copies of G say
G° G',G?,...,G* ! and join each vertex u in copy G* to the neighbors
of the corresponding vertex in copy G whenever y; and y; are adjacent in
K(n). In G 7 K(n), denote the partite sets of copy G* by V{ and V. For
a vertex u; € V(G), we denote the corresponding vertex in copy G* by ;.
Let g be the vertex labeling on V(G 7 K (n)) which is defined by:

f(ug) + 2im w; € Vi, fori=0,1,-+ a—1
flug) +2(r1 +2)im uij € Vand i € Ny
g(uij) = g(uiflj) +2(ry + e § i )
+3 _ I‘/;f N W+1|)m uz] S VOV and 1€ NQ
g(ui—15) +2(re41 +2)m  ui; €V, and i € N3,

3)

where Ny = {0,1,...,71 + 1 — |V; N Va|}, Na consists of integers in the
interval

it
ZTJ +t+1—( ZW NVil),

j=t j=t
Dot = IVinVil = [VenVenl) |
j=1 j=1

fort =1,2,...,n—2and |V; N V;11] # 0, and N3 consists of integers in the
interval

j=t j=t

dori+t+1=0 VN Vip| = [VinVigal)

j=1 j=1
j=t+1 j=t+1
doorAt+1-() ] VinVinl)|,
j=1 j=1

fort=1,2,...,n—2.

g is injective and
9(uij) <21E(G v K(n)) [ —1=2m 2[E(K(n))| + [V (K(n))]) - 1.

We will show that the induced edge labeling ¢g* defined from E(G 57 K(n))

to 2m(2|V(K(n))| + [E(K(n))]) = 1 by g" (tiyj, irjy) = 9(tiyj,) + 9(tinj)
is injective. According to the construction of G 57 K (n), we have to show
that:
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e Case 1: edges in G',i =0,1,2,...,a — 1, have distinct labels.

e Case 2: edges in G* and G/, have distinct labels for i#5=0,1,2,...,a—1,
have distinct labels.

e Case 3: edges joining vertices in G* to the neighbors of the correspond-
ing vertex in copy G’ whenever y; and y; are adjacent in K (n), have
distinct labels.

e Case 4: edges in case 3 and case 1 have distinct labels.

Using 3, vertices in V!,i € No,t = s,s = 1,2,3,..,n — 2 have labels of the
form:

k=s—1
+ 2m (41 4+ 2) (Phg1 + 1 — (Vi 0 Vg + [Vigr N Viga))
k=1
k=s k=s
+2m<z‘+1(ZrkJrerl(ZWkﬂVkHD)) (4)
k=1 k=1

(rs +7rs11+3—(VsnNViir))

and vertices in Vi € N3,t = s,s = 1,2,3,...,n — 2 have labels of the
form:

g(uij) = f(uj) +2m(ry +2) (1 +1— Vi N Val)
k=s

+ ) 2m (rk + g 43 — Vi 0 Viga ) (Vi 0 Viega )
k=1
k=s—1

+ Z 2m (1 +2) Pk + 1= (Ve 0 Viega | + [V 0 Viega|))
=1

j=s Jj=s
+2m (i1 [ > ri+s+1=0 [V N Vi |- [Ve N Vi) ()
j=1 j=1

(rs+l + 2)

Cases 1 and 2 are obvious.
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Case 3: assume that two edges u;, j, Ui, j, and i, j,ui, 5, have the same label.
From the construction of G 7 K(n), we note that:

e If iy € N7, then is must be in Ny, No,t =1,2, or N3, t = 1.
e If iy € Ny,t =1, then is must be in N1, No,t = 1,2, or N3, t = 1.
e Ifi; € N3, t =1, then i must be in N1, No,t =1,2,3, or N3, t =1,2.

e If i1 € No,t = i,i = 2,3,...,n — 2, then i, must be in No,t =
t,i— 1,2+ 1orin N3, t =4,1— 1,7 — 2.

e If i1 € N3, t = i,i = 2,3,...,n — 2, then i, must be in No,t =
t,i+ 1,2+ 2orin N3, t =4,7— 1,7+ 1.

Both i3 and i4 have the same possible choices as i; and i. Without loss
of generality, assume that u;,;, € V/1 and w;,;, € V3. Although there are
many subcases, they have the same method to prove them. So, we will
prove some subcases and the other subcases follow immediately as we will
clarify. Assume that iy, 12,143,714 € N1. We know that iy # is # i3 # iy and
uj, uj, and uj,u;, are edges in G. Now we have

flug)+2im+ f(ug, ) +2(r1+2)iam = f(ug,)+2i3m+ f(uj,) +2(r1 +2)iam
Therefore,

Fug) + fugy) = (f (uge) + fug)) = 2mlis —in) +2(r1 +2)m(is —i3) (6)

Since f is an odd harmonious labeling, then

[ (uj) + fugy) = (f(ugs) + Fugn))| < 2m (7)

We claim that 2m(is — i1) + 2(r; + 2)m(iy — i3) does not belong to the
[-2m,2m]. Assume on contradiction that —2m < 2m(is — i1) + 2(r1 +
2)m(ig —i3) < 2m. Then —1 < (ig—i1) + (r1 +2)(ig —i3) < 1, which imply
that (i3—i1) < (r1+2)(i4—13) < (41 —1%3). In other words, |(r142)(ig—i3)| <
|(i1 — ’Lg)‘ Since ‘(7,1 — Z3)| <ri+1-— |V1 n ‘/Ql, then ‘(’I“l + 2)(i4 — l3)| <
r1 +1—|Vi N V4|, a contradiction.

For subcases when i1, 2,13, or ¢4 take small values or all in No,t = ¢ or
N3, t =i, the proof is similar to the subcase when they all in Ny, since the
right-hand side of Equation 6 would not change much more. So, assume
that i; € No,t = i and i3 € No,t = s and s # t. Then i5 should be in
No,t = 4,i—1,i+ 1 or in N3, t = 4,9 — 1,7 — 2. i4 should be in No,t =
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s—1,s+1orin N3,t =s,s —1,s — 2. Assume that iy € Ny,t =i and
ig € N3,t = s and i < s. The right-hand side of Equation 6 would be :
k=s
> 2m (r 4 i +3 = Vi 0 Viga ) (Vi 0 Vi ) +
k=i
k=s—1

D 2m(rign +2) (rn + 1= (Vi N Vi | + [ Vi 0 Vis2]))
k=i

j=1 j=1

+
Jj=s Jj=s
2m |igs+1— [ Y rj+s+1= O IVinVip| = [Van Vi)

k=i k=i
(rep1+2) —2m <i2+1— (Zrk—i-i—i-l— O Vi N Vg | )

k=1 k=1
(73 + 71 +3— (‘V N VZ+1|)

Note that

k=1 =1
<z‘2+1— (Zrk+i+1— Z Vi N Vi1 | )) < |V N Vi
k=1

=1

and
Jj=s Jj=s
i+ 1= | Yy +s+1= VN Via| = [Va N Vi)
=1 =1

<rep1 + 1= (Ve N V| + [Vep1 N Viga|)

Hence it is clear that the absolute value of 8 is much more than 2m and
8 cannot be in [—2m,2m]. For any other choices for i1, 9,43, and i4, by
rearranging terms in 6, we can get a right-hand side that is similar to the
quantity 8 which could not be in the interval [—2m, 2m)].

Case 4. Assume that two edges u;, j,u;,j, € E (G™) and wj,j,u4,j,, joining
Uiyjs € G2 and u4,;, € G*3, have the same label. Assume, without loss
of generality, that u;,;, € V/* and u;,;, € V2. The choices of is and
i3 are the same as the choices of i1 and is in Case 3, therefore we will
prove some subcases and the other subcases follow immediately. If 1 € Ny,
i3 € No,t =1, and i3 € N3,t = 4, then we would have

flug,) +2iim + fug,) +2(r + 2)ivm = f(ug,) + 2iam + g(uiyj,):
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Therefore using 3 and 5,

Flug) + fugy) = (f (ugs) + fug,)) = A, (9)

where

A:2m(22 — Zl) + 2m(r1 + 2) (7‘1 - il + 1-— |V1 n V2|) +

k=1
Z 2m (rg + g1 + 3 — [V N Vaga]) (Ve 0 Viga|) +
k=1
P (10)
Y 2m (s +2) (P + 1= (Vi N Vi |+ [Vieer 0 Viera]) +
k=1
j=t j=1
2m| iz +1—( D> rj+it1=_ [V, N V|- [VinViga) | | (ria+2)
j=1 j=1

which could not be in [—2m,2m|. For any other choice of i and i3 with
i1 € Ny, we get the same result. If i1 € No,t = s,i5 € No,t = i, and
i3 € N3,t = and s < i, then (??) would be

k=i
D 2m(rk 4 g +3 = [V N Vi) (Vi N Vi) +
k=s+1

k=i—1

D 2m(ripr +2) (P + L= (Vi 0 Vi | + [Vier 0 Viga]) +
k=s

J=s j=s (11)
2m g+ 1— | D ri+s+1= O ViNVia| = [VanVigal)
j=1 j=1
k=s k=s
(rs41 +2) —2m (iz +1-— (Z’Fk +s+1-— (Z |V N Vk+1|)>>
k=1 k=1

(Ts +rsy1+3— (lVYS N VVS*HD) )

which again could not be in [—2m, 2m]. For any other choices for i1, i2, and
i3, by rearranging terms in 9, we can get a right-hand side that is similar

to the quantity 11.
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To complete the proof, it is sufficient to prove that the label assigned by ¢*
to an edge is at most 2|E (G 57 K(n)) |—1 = 2m (2| E(K (n))| + |[V(K (n))|)—
1, indeed edge in G®! that is corresponding to the edge labeled 2m — 1 in
G is assigned the label, using 3 and 5:

2m—142m(a—1)+2m(r1 +2)(r1 +1 - |V1iNW|) +

k=n—2
D 2m(rk+ e +3— Vi N Via]) (Vi N Vi ) +
k=1
k=n—2
2m (Tg41 +2) (1 + 1= (Vi 0 Viga | + [Viepr 0 Vieya|)) -
=1

Note that a = |V(K(n))| and

|E(K(n))| = Zzi:l (r, + 2) Zzz":Q (|V N Vip] + 1)

1=1
It is not difficult to prove that:

20E(K(n))| = (r +2) (rn+1-VinVva|)+
2

k=n—

Z (TkJer_._lJr?)*|VkﬂVk+1|)(‘VkﬁVk+1D+
=1 (12)
=n—2

(i1 +2) (reg1 + 1 = ([Ve 0 Vi [ + [Viepr 0 Vigzl))

k

k=1

Therefore, g* is bijective and g is an odd harmonious labeling of G v/
K(n). O

To understand the distribution of edge labels given the proof of Theorem
2.1, denote the labels assigned to the edges in copy G%,i =0,1,2,...,a—1
by I;. Labels in Iy = {1,3,5,...,2m — 1} are assigned to the edges in
GO. The labels in the interval that is between the intervals I; and L1,
are assigned to the edges joining the vertices in V! to the vertices in
Vit yit2 [ and V# | for alli < s such that y, and y; are adjacent in K (n)
and the edges joining the vertices in V/*! to the vertices in V', V=1 ...
and V?, for all s <4+ 1 such that y, and y; are adjacent in K(n), see the
next Example 2.1.1.

Example 2.1.1. Let G be the path on 4 vertices, Py, with the odd harmo-
nious labeling [5,0,1,2] for [uy,us, us, uys]. Figure 3 shows the odd harmo-
nious labeling of Py <7 K(5), where K(5) is the graph in Figure 2. Edges
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in GO are assigned the labels in Iy = {1,3,5}, then the edges joining ver-
tices in VO to vertices in V2, V2, and V2 and the edges joining vertices
in V! to vertices in VO are assigned the next set of edge labels, that is
{7,9,11,...,29}. Then edges in G are assigned the next set of edge labels,
that is I, = {31, 33,35}, then the edges joining vertices in V! to vertices in
V2 and V2 and the edges joining vertices in V2 to vertices in V) and V!
are assigned the next set of edge labels, that is {37,39,...,59}. Then edges
in G* are assigned the next set of edge labels, that is Iy = {61,63,65}, then
the edges joining vertices in V.2 to vertices in V3, VA V53 and VS and the
edges joining vertices in V3 to vertices in VO, V', and V2 are assigned the
next set of edge labels, that is {67,69,...,107}, and so on.

Y3

Ys
Y1 Y2 Y9

Yo Ys Ys Y7 Y10

Figure 2: Labeling of K (5) as it is described in the proof of Theorem 2.1

Corollary 2.1.1. If G is odd harmonious, then G[K .| is odd harmonious,
for allr > 2.

Proof. The graph G[K,] has r>m edges and rn vertices. Since G[K,] =
G v K, = G K(2), where K(2) is obtained form P by joining u; and
uz to every vertex in the complete graph K,._o, the graph G[K,] is odd

harmonious. According to Theorem 2.1, the function g : V(G[K,]) —
{0,1,2,...,2r%m — 1} defined by:

Uj m u;j € VY
g(ui;) = { Flug) +2 © (13)

flu) +2rim iy € V7

is odd harmonious. O

Theorem 2.2. If G has an a-labeling, then the graph G 7 K(n) has an
a-labeling.

Proof. Let G(p,m) be a bipartite graph with bipartition (A, B) and f be
an o-labeling of G with characteristic A\. Let V(G) = {u1,u2, ..., u,} such
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ISTE
INRET NEE &
RIS
BN 7B\ 7\ 7hs
SRS
VW
S
SIS
G \0"’0@% 50

SO
221 ‘ ‘ 56
AN

Figure 3: Odd harmonious labeling of P, 7 K(5)
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that A = {u; € V(G) : f(u;) < A} and B = {u; € V(G) : f(u;) > A}
Let m* be the number of edges in G 57 K(n). Consider the construction of
G 7 K(n) as in Theorem 2.1. In G 7 K(n), denote the partite sets of copy
G’ by A® and B'. For a vertex u; € V(G), we denote the corresponding
vertex in copy G* by u;;. Define the labeling function w on V(G 57 K (n))
as follows:

A—f(ug)+im U5 € Vii=0,1,.,a—1
m*+A+1— (f(u;)+im(r1+2)) u;; € VP and i € Ny
m*+A+1— (UI(UZ‘,U)

+m(ri+rep+3—[Ve N Vi)
m*+/\+1— (w(ui_lj)

+m(re+1+2))

w(ug;)= uij € Vi and i € Ny (14)

Ujj € V!andie N3

where Ny = {0,1,...,71 + 1 — |V1 N Va|}, Na consists of integers in the
interval

j=t j=t
DoriHtH1=(Q[ViNVinl)
j=1 j=1

j=t

Z”J +t = [V NVjga| = [ViN Vipa)

j=1

fort =1,2,...,n—2and |V, N Vi11] # 0, and N3 consists of integers in the
interval

it
Zr] +t+1—( ZW NVl = [VeN Vi)

j=t+1 j=t+1

Dokt ( Y [V;NVinl)
j=1 j=1

fort=1,2,...,n—2.

It is not difficult to prove that w is an a— labeling with characteristic
A* = A+ (a — 1)m, where a is the number of vertices in K(n). O

Corollary 2.2.1. If G has an a— labeling, then so as G[K,],7 > 2.
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Proof. Let G(n,m) be a bipartite graph with bipartition (A, B) and f be
an a-labeling of G with characteristic . Let V(G) = {u1,u2, ..., u,} such
that A = {u; € V(G) : f(u;) < A} and B = {u; € V(G) : f(u;) > A}

Then the function g : V(G[K,]) — {0,1,2,...,7?m} defined by:

Q(Uij) = { r2m + (j)\_’_ 1) — (f(’u;) + rim) ulj c B (15)

is an a— labeling with characteristic \* = XA+ m(r — 1). O

3 0Odd graceful labeling

We note that if a graph G is odd harmonious then G is odd graceful. Since
G is odd graceful, V(G) can be partitioned into A, B, where

A={ueV(G): f(u) is even}

and
B={ueV(G): f(u) is odd}.

For the relation between odd graceful and strongly harmonious bipartite
graphs, we mention to [18].

Proposition 3.0.1. If a graph G is odd harmonious, then G is odd graceful.

Proof. Let G(n,m) be an odd harmonious graph with an odd harmonious
labeling f. Let V(G) = {u1,us,...,u,} and V., V, be the partite sets of
V(G) such that V. = {u; € V(G) : f(u;)is even} and V, = {u; € V(G) :
f(u;)is odd}. Define g : V(G) — {0,1,2,...,2m — 1} by

_J f) ueA
g(u) = { 2m — f(u) ue B (16)
It is not difficult to prove that g is an odd graceful labeling of G. O

Theorem 3.1. If G is an odd graceful graph with an odd graceful labeling
f such that G does not contain a path P3 = xixexs and f(z1) < f(z2) <
f(z3), then G 7 K(n) is odd graceful.
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Proof. Firstly, we will prove that if G is connected odd graceful graph with
an odd graceful labeling f such that, G does not contain a path P; =
x12023 and f(x1) < f(z2) < f(x3), then G is odd harmonious and the
result follows by Theorem 2.1. Tt is clear that f(u) < f(v), for each edge
uv with v € A and v € B, because of the continuity of G and that G
must contain an edge uv such that f(u) = 0 and f(v) = 2m — 1. Define
g:V(G)—{0,1,2,...,2m — 1} by

glw) = { - fw) weB (7

Then ¢ is odd harmonious labeling. Indeed, we have

(i) g is injective, since f is injective.

(ii) An edge uv,u € A and v € B has label g(u) + g(v) = f(u) + 2m —
fw) =2m = (f(v) = f(u)).

Let G(p, m) be a disconnected odd graceful graph and the above condition
is satisfied for each component in G. Let Cy,Cjy,...C,,, be the components
of G. We must have one of the following two cases:

Case 1. f(u) < f(v), for each edge uv with v € A and v € B, in all
components and therefore G, again, is odd harmonious.

Case 2. f(u) < f(v), for each edge wv with u € A and v € B, in
some components and f(u) > f(v), for each edge uwv with v € A and
v € B, in another components. Let Cy,Cs,...,Cs, be the components in
which f(u) < f(v), for each edge uv in C;,1 < i < s, with u € A and
v € B, and Cs41,Csy2,...,Cp, be the components in which f(u) < f(v),
for each edge wv in C;,s +1 < i < n, with u € A and v € B. Note
that V(C;) could be partitioned into C* = {u € C; : v € A} and
CP = {u € C; : v € B}. Consider the following partition of V(G),
A ={u:ueCf1<i<stU{u:uecCPs+1<i<n}and
B*={u:uecCP1<i<s}U{u:ucCis+1<i<n}

Recall the construction of G 7 K(n) as in Theorem 2.1. Let

V(G) = {ur,ua, ..., up}.
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In G 7 K(n), let A** and B*! be the partitions of copy G?, corresponding
to A* and B*. Let | E(G 7 K(n)) |= m*. Define the labeling ¢ : V(G) —
{0,1,2,...,2m* — 1} by:

f(uj)+2lm Uijevei,fOI‘Z.:O,l,---’a_l
2m* —2m+ f(uy) - ; ‘
—2mi(r142) u;; € Vyand i € Ny

9luig)= 9(ui—1;) = 2m (1 + repa
+3 = [ViNViyal)

g(ui—1j) —2m (rep1 +2) wiy; € VP and i € N,

U5 € Vroz and i € Ny

where Ny = {0,1,...,71 +1 — |V1 N Va|}, Ny consists of integers in the
interval

imt
er+t+1— Z|V NVl

= j=t
o+t = IVin Vil = [Van Vigal)

Jj=1

fort =1,2,...,n—2and|V; N Vi11] # 0, and N3 consists of integers in the
interval

j=t j=t

o+t +1= 0 VN Via| = [VinVigal)

j=1 j=1
j=t+1 j=t+1
Z rjtt+1—( Z Vi N Vi)
j=1 j=1

fort=1,2,...,n—2.

It is not difficult to show that g is an odd graceful labeling, See Figure 4.

Corollary 3.1.1. The following graphs are odd graceful:

1. nKpy m, for alln,m > 2.
2. n(Py,, X P3), for alln,m > 2.
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Proof.

1. Note that nK,, ,, = nKs v K, = G 7 K(2), where K(2) is obtained
form P, by joining u; and ug to every vertex in the complete graph
K,,—5. Since nKy is odd graceful, the result follows immediately
from Theorem 3.1. Note that, nKs has the odd graceful labeling
[0,2n —1],[1,2n — 2],[2,2n — 3],...,[n — 1,n].

2. Since n(Py, X Py) = nKs 7 Py, and Py, belongs to K (m), the result
follows immediately. O

o—0
1 2

0Odd graceful labeling of 2Ks.

Figure 4: Odd graceful labeling of 2K 5.

4 0Odd harmonious labeling of
the m— splitting graph.

Recall that G <7 K,,, can be constructed by taking m copies of G, say,
G° G',G?, ...,G™ ! and join each vertex u in copy G' to the neighbors
of the corresponding vertex in copy G’ whenever y; and y; are adjacent in
K,,. Therefore, Spl,,(G) can be obtained from G 57 K,,,+1 by removing all
edges in the copies G' for all i > 1. Note that Spl,,,(G) has |[E(G)|(1 +2m)
edges, where |E(G)] is the number of edges in G.

Theorem 4.1. If G is an odd harmonious graph, then the graph Spl,,,(G),
m > 2, is odd harmonious.

Proof. Let G(n,p) be an odd harmonious graph with odd harmonious la-
beling f. Let V(G) = {u1,ue,...,u,} and V¢, V, be the partite sets of
V(QG) such that V. = {u; € V(G) : f(u;)is even} and V, = {u; € V(G) :
f(u;)is odd}. Consider the construction of Spl,,(G) as it is obtained from
G 7 Kyuy1 by removing all the edges in G* for all i > 1, as shown above.
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In Spl,,(G), denote the partite sets of copy G? by V.! and V. For a vertex
uj € V(G), we denote the corresponding vertex in copy G’ by uz;. Let g
be the vertex labeling on V' (Spl,,,(G)) which is defined by:

f(uy) + 2ip i=0,1,u;; € V!
g(u”) = f(uj) + 2]9(22 — 1) 7> ].,Uij S VZ (19)
fug) + 4ip uij € Vy
Then g is an odd harmonious labeling of Spl,,(G). O

Theorem 4.2. If G has an a— labeling, then Spl,,(G) has an a— labeling.

Proof. Let G(n,p) be a bipartite graph with bipartition (A, B) and let f
be an a-labeling of G with characteristic A\. Let V(G) = {u1,uz,...,up}
such that A = {u; € V(G) : f(u;) < A} and B = {u; € V(G) : f(u;) > A}
Let m* be the number of edges in Spl,,,(G). Consider the construction of
Sply,(G) as in Theorem 4.1. In Spl,,(G), denote the partite sets of copy
G' by A" and B'. For a vertex u; € V(G), we denote the corresponding
vertex in copy G* by u;;. Define the labeling function g on V(Spl,,(G)) as
follows:

(4s5) flu;) +(m—1i)p uij € Ai=0,1,2,...,m

T =V 1) = (fluj) +pi) wiji,i=0,1,2,...,m € B
(20)
g is an a— labeling of Spl,,(G) with characteristic \* = A + mp. O

Theorem 4.3. If G is an odd graceful graph with an odd graceful labeling
f such that G does not contain a path Ps = x1xexs and f(z1) < f(z2) <
f(z3), then Sply,(G) is odd graceful.

Proof. Consider the construction of G 57 K(n) as in Theorem 3.1 and the
construction of Spl,,,(G) as in Theorem 4.1. Let g be the vertex labeling
on V(Spl,,(G)) which is defined by:

f(u]) + 22]7 Ujj S A*i,i = 0, 1

g(uij) =< fluj)+2(2i —1)p u;j € A i > 1 (21)
dpm + f(u;) — 4ip u;j € B*
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In what follows, we will prove that ¢ is injective and the odd gracefulness of
it will follow immediately. To prove that g is injective, let g(u;;) = g(uri),
where u;; € A*" and uy; € B*F.

For ¢ = 0, we must have f(u;) = 4pm+ f(w;) —4kp. Hence f(u;)— f(w) =
4dp(m — k) and we have the following cases :

1. If m =k, then f(u;) — f(u;) = 0 which is a contradiction.
2. If m > k, then |f(u;) — f(w)| > 4p which is a contradiction.

For ¢ = 1, we must have f(u;) + 2p = 4pm + f(w;) — 4kp. Hence f(u;) —
flw) = p(4(m — k) — 2) and we have the following cases.

1. If k = m, then |f(u;) — f(w;)| = 2p which is a contradiction.

2. If k < 'm, then |f(u;) — f(w)| > 2p which is a contradiction.

For i > 2, we must have f(u;) 4+ 2(2i — 1)p = 4pm + f(w;) — 4kp. Hence
flu;) — f(w) =p(dm + 2 — 4(i + k)) and we have the following cases:

1. If i+ k = m, then f(u;) — f(w) = 2p which is a contradiction.
2. If i+ k # m, then |f(u;) — f(w)| > 2p which is a contradiction. [

5 Further results

Let HY be the graph obtained by identifying a distinguished vertex of G
to each vertex of H. Snevily [16] showed that the graph formed by adding
a pendant path P, to each vertex of the cycle Cy,, has an a-labeling. in
the following theorem 5.2, we generalize this result by showing that C§,
is strongly odd harmonious when G is strongly odd harmonious. In [14],
Seoud and Hafez proved that T/ is strongly odd harmonious, where T,
and T, are strongly odd harmonious trees on n and m vertices, respectively.
The following result follows immediately, therefore we omitted the proof.

Theorem 5.1. If G is a strongly odd harmonious graph and H(n,n — 1)
is a strongly odd harmonious graph, then the graph HC is strongly odd
harmonious.

Theorem 5.2. If G is a strongly odd harmonious graph, then the graph
CS$ is strongly odd harmonious.
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Proof. Let f be a strongly odd harmonious labeling of a graph G(n,q).
Denote the vertices of G by xg, 1, ..., Zn—1. Let G! and G? be two distinct
copies of G. Denote the vertices of G* by zij,1=1,2andj =0,1,2,...,n—
1. Let z; be an arbitrary fixed vertex in G and denote it by 7. Let x7; be
the corresponding vertex to x} in copy G*,i = 1,2. Define g(z1;) = f(z;)
and g(w2;) =29 +1— f(z;), j=0,1,...,n — 1. Now join the vertices z7j;
and z3; to get the new graph H with the strongly odd harmonious labeling
g. Let H', H?,..., H?>™ be 2m distinct copies of H. Denote the vertices
of H" by z7;,1=1,2,5=0,1,2,...,n— 1, and r = 1,2,...,2m. Denote
the vertices corresponding to zj; and z3; in copy H" by z7j and x5} ,
r=1,2,...,2m. Label the vertices of H", r = 1,2,3,...,m by g*(z};) =
g(zi;) + (r—1)(2¢+2). Label the vertices of H", r =m+1,m+2,...,2m
by g*(zi;) = g(wi;) + (2q + 2)(r — 1) + 2 when g(z;;) is even and g*(z7;) =
9(wij) + (29 +2)(r — 1) when g(z;;) is odd. Now we join the vertex z7} to

r=41%

xy ", r=1,2,...,2m — 1. Finally, we join the vertex x3} to zi7"*

;. to get
the graph C§, . The graph C§, has 4m(q + 1) edges. Since g is injective,
g* is injective. According the described labeling of C{/ , the maximum
label assigned to any vertex is 2¢ + (2m — 1)(2¢ + 2) + 2 = 4m(qg + 1).
Edges in H", r = 1,2,...,m, have labels in the interval [4(r — 1)(¢+ 1) +
1,4(r —1)(¢+ 1) +4¢+ 1],. Edgesin H, r = m+1,m+2,...,2m
have labels in the interval[4(r — 1)(¢ + 1) 4+ 3,4(r — 1)(¢ + 1) + 4q + 3]..
Edges m{’;w;jl*, r=1,2,...,m, have labels 4(¢ + 1)r — 1. Edges J;’{;‘xg;'l*,
r=m+1,m+2,...,2m — 1 have labels 4(¢ + 1)r 4+ 1. Finally, the edge
w3y has label 4(q + 1)m — 1. O

Lemma 5.2.1. If a graph G has an a-labeling with characteristic A = [ g |,
then G is strongly odd harmonious.

Proof. Let G is a bipartite graph with bipartition (A, B) and f is an a-
labeling of G such that f(u) < A = |%] for all u € A, then the mapping
2

2(A = f(u)) ue A

g(”):{ of(u)—N) -1 ueB @2)

is a strongly odd harmonious labeling of GG. Indeed, let m be even, without
any loss of generality, then the vertices in A are assigned the labels in
the set {0,2,..,m} and the vertices in B are assigned the labels in the set
{1,3,...,m —1}. An edge uv with u € A and v € B is assigned the label
22 — 2f(u) + 2f(v) — 22 — 1 = 2(f(v) — f(u)) — 1. Therefore edges are
assigned the labels in the set {1,3,...,2m — 1}. O
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In other words, a graph G(n,m) is strongly odd harmonious if and only if
G admits an a— labeling with characteristic A = [ % |.

Corollary 5.2.1. If a graph G has an a-labeling with characteristic A =
%], then

(1) the graph PS has an a-labeling, and
(2) the graph CS.. has an a-labeling.

6 Conclusion and future work

In the present paper, we study some properties of odd harmonious label-
ing and the converse skew product to obtain more odd harmonious graphs.
In [14], it is shown that if a graph G of size m has an odd harmonious
labeling, then G' decomposes both Koy,41 and K, ,,. General graphs are
represented topologically by many authors as Nada et al. in [12]. Some
others, for instance, Kozae et al. in [9] are interested to represent topo-
logical spaces by graphs. In the future, we investigate new approaches for
graph decomposition and study their relation with rough set theory. The
introduced techniques would be very useful in application because it opens
the way for more topological applications from real-life problems.
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