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Left-to-right maxima in Dyck bridges and walks
AUBREY BLECHER*, ARNOLD KNOPFMACHER, HELMUT PRODINGER

Abstract. In a Dyck path a peak which is strictly (weakly) higher than
all the preceding peaks is called a strict (weak) left-to-right maximum. By
dropping restrictions such as the path being non-negative or ending on the
z-axis one obtains Dyck bridges and walks. We obtain explicit generating
functions and formulas for the total number of both weak and strict left-
to-right maxima in these paths.

1 General introduction

A Dyck path is a lattice path in the first quadrant consisting of up steps
u= (1,1) and down steps d= (1, —1), starting at the origin and ending with
a return to the x-axis. We define the length of these paths, or of any of
the other paths discussed below, as the total number of up or down steps
in the path. See for example [9] or [17]. For further recent work on Dyck
paths, see [1, 2, 6, 7, 8, 12, 15].

Given an arbitrary Dyck path, we mean by a strict left-to-right mazimum,
any peak (successive pair of the form ud) in the path which is above all
steps to its left. A weak left-to-right mazimum is a peak which is greater
than or equal to all steps to its left. For ordinary Dyck paths, left-to-right
maxima have been studied in [3] and for Dyck prefixes in [4]. A Dyck prefix
is any initial part of the sequence that defines a Dyck path. Thus a Dyck
prefix may end at any height in the first quadrant. A raised Dyck prefix is
one which stays above the z-axis except for its initial point. A raised Dyck
path is a Dyck path that starts and ends at height 0, but never returns to
the xz-axis in between.
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LEFT-TO-RIGHT MAXIMA IN DYCK BRIDGES AND WALKS

For example in the case of Dyck prefixes the following result is shown in [4]:

The average number of strong left-to-right maxima in Dyck prefizes of length
n, as n — 00 18

%;Og(z) _ 10g4(n) + i(_l . 1og(2)) + O(n_1/2).

The number of strong left-to-right maxima is bounded above by the height
of the prefix, which is known to be log(2)v27n as n — oo, (see e.g., [11]).
Thus we see that asymptotically for Dyck prefixes, the average number
is half of the average height. Whereas the average for weak left-to-right
maxima is shown in [4] to be asymptotically equal to the height.

Previously in [3] the number of strict left-to-right maxima in Dyck paths
was also shown to be asymptotically half of the average height and the
number of weak left-to-right maxima was shown again to be asymptotically
equal to the average height (which is of order \/7n for Dyck paths of length
2n).

A Dyck bridge consists of up steps u and down steps d, starting at the
origin and ending on the z-axis. So a Dyck bridge is similar to a Dyck path
except that it is allowed to go below the z-axis.

A Dyck walk is a random walk starting at the origin in the right half plane,
where every step is u or d. (It may terminate at any point that is reachable
with such steps).

In the case of bridges and walks much simpler formulas exist and we use

bijective or generating function proofs instead of the asymptotic methods
needed for prefixes and for Dyck paths.

2 Dyck bridges
Recall that a Dyck bridge consists of up steps u and down steps d, starts
at the origin and ends on the z-axis.

We have the following theorem:

Theorem 2.1. There are in total 2272 strict left-to-right mazima in the
set of Dyck bridges of length n.
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As a general remark, we do not take a path, count its left-to-right maxima
and add all these numbers (which is not easy), but we we take any (po-
tential) left-to-right maximum and create and count all paths that fit to
it.

We start this section by referring to the paper [14] on the first sojourn in
Dyck paths. Using the notation from [14], we let Cj(2) be the generating
function for the number of paths of height < h and steps which follow all
rules of Dyck paths except that they terminate at height A. It is shown in
[14] that

21— 422

Cr(z) = =——, (2.1)
)\?4’2 o )\g+2
where A\; and As, are given by
14+ 1 — 422 1—+/1—422
A = ¥, Ny = VTR (2.2)

2 2

For general interest we note that the papers [5, 10] also deal with paths
ending on the top level.

Proof. For the purposes of this proof, we make the following definitions that
apply to Figure 1. M is a point at which a strict left-to-right maximum
occurs. BMC' consists of the up and down steps that immediately precede
and follow M. A is the last intersect on the z-axis that precedes M. D
is the first intersect on the z-axis that follows M. E marks the end of the
Dyck bridge.

We begin by marking each occurrence of a strict left-to-right maximum (M
in Figure 1) at height, say h 4+ 1. So to the left of this marked peak is an
arbitrary Dyck bridge (from 0 to A in the figure) with maximum height h.
The end point of this bridge is where the path leaves the z-axis for the last
time before it progresses towards M. This implies that the path from A
to B starts with an up step followed by a Dyck prefix of height < h — 1
that ends at height h — 1 (i.e. at overall height h), whereupon the ud steps
occur which constitute M. For the part to the right of the marked peak,
we shall proceed from right-to-left in Figure 1. On the right end is another
Dyck bridge of arbitrary height (E to D in the sketch read in right-to-left
configuration). From D to C there is another raised Dyck prefix.

We shall track each step of the Dyck bridges using the variable z.
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Y\ /\ /\
Y

Figure 1: Generic decomposition for a marked strict left-to-right maximum
M at height h + 1 in a Dyck bridge. The generating functions 0 — A,
A— B, B—C,C— D, D — E are computed individually and eventually
the result is summed over all h.

The leftmost Dyck bridge has generating function Wy (z). This is the gener-
ating function for all Dyck bridges with maximum height at most h. From
Theorem 4.1 of [13]

1+

2h+2
Wn(2) = Ty (1= e?hH2), (2.3)
where v
= . 2.4
*77 4 2 (2:4)

Note that v is the generating function for raised Dyck prefixes ending at
height 1. Hence the generating function for raised Dyck prefixes ending at
height h is v" and the generating function for all raised Dyck prefixes is
therefore 1/(1 — v).

Next, the raised Dyck prefix to the left of the marked maximum (A to B
in Figure 1) is by definition a Dyck walk that is not permitted to return
to the z-axis. To ensure this we need an up step followed by a Dyck prefix
of height < h — 1 and ending at height h — 1. Thus combined we end at
height h. The generating function for this left part is ¥y (2)2Ch_1(2).

Written in terms of v, we have

,Uh—l(l _ 04)
1— U2h+2

Ch-1(2) = (2.5)

We decompose the generating function for that part to the right of the
marked peak in right-to-left configuration. So, we have first a (height)
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unrestricted Dyck bridge (from F to D in Figure 1) with generating function
Uo(z) = %fzz (i.e., letting h — oo in Equation (2.3)). The remainder of
the right hand side (from D to C in Figure 1) is an unrestricted raised
Dyck prefix that ends at height h. This is a concatenation of an up step
followed by an arbitrary Dyck path and this is repeated h times until we

reach height k. The generating function for the raised prefix is just v".

Finally we need a z2 for the peak in the middle (from B to C). Putting
the three generating functions for the decomposition of marked strict left-
to-right maxima, we obtain

U2h+2

U (2)2Ch-1(2)22 Voo (2)0" = 1= (2.6)

—v
Summing this over h > 0 gives ﬁ In terms of z this becomes %.
The coefficient of 22" is 2272, O

For weak left-to-right maxima, note that the last up step is counted as a left-
to-right maximum if it is greater or equal to all previous steps. This occurs
when the bridge consists entirely of steps below the axis. E.g. dduudu.

Theorem 2.2. There are in total 22"~ weak left-to-right mazima in the
set of Dyck bridges of length n.

Proof. Again for the purposes of this proof, we make the following defini-
tions that apply to Figure 2. M is a point at which a weak left-to-right
maximum occurs at height A > 1. A is the last intersect on the x-axis that
precedes M. D is the first intersect on the z-axis that follows M. E marks
the end of the Dyck bridge.

So to the left of this marked peak M is an arbitrary Dyck bridge (from 0 to
A in the figure) with maximum height h. Since the end point of this bridge
is A, where the path leaves the x-axis for the last time before it progresses
towards M, this implies that there is a raised Dyck prefix of height < h,
(the section from A to M) and ending at overall height h.

Once again, we track each step of the Dyck bridges using the variable z.

The leftmost Dyck bridge has generating function ¥y (z) as given by (2.3).

The raised Dyck prefix to the left of the marked maximum (A to M in
Figure 2) is by definition a Dyck walk that is not permitted to return to
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T M, A/&
YaY,

Figure 2: Generic decomposition for a marked weak left-to-right maximum
M at height h > 1 in a Dyck bridge

the x-axis. As before, there is a raised Dyck path with maximum height h.
This reasoning is the same as for the path 0 to B in the proof of Theorem 1.
The generating function for this left part is Wy (2)2Chr_1(%), where Cj,_1(2)
is given by (2.5).

This reasoning is the same as for the path 0 to B in the proof of Theorem 1.

Now, for the generating function for that part to the right of the marked
peak, we decompose it from right-to-left as a (height) unrestricted Dyck
bridge (from E to D in Figure 2) with generating function ¥, (z). The re-
mainder of the right hand side (from D to M in Figure 2) is an unrestricted
raised Dyck prefix that ends at height h, but the final step must be an up
step. The generating function for such a raised prefix is just v"~1z.

Putting together the two generating functions for the decomposition of
marked weak left-to-right maxima, we obtain

B 1 _|_,U2 U2h
U, (2)2C,_1(2) Vs (2)0" 12 = % (2.7)
Summing this over A > 1 gives
(1 + v?)v?
m. (2.8)

Now we consider the special case h = 0. We decompose these cases as fol-
lows: They can only occur if we start with an arbitrary non-empty upside-
down Dyck path followed by nothing or a raised Dyck path, again followed
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by an arbitrary Dyck bridge. If there is no raised part following the up-
side down Dyck path at the beginning, then the bridge at the end of the
decompostion must be empty. According to the definition, all left-to-right
maxima at height h = 0 must occur in the beginning upside-down Dyck
path. In the case where the upside-down Dyck path is the only part in the
decomposition, the number of left-to-right maxima (at level h = 0) is the
same as the number of returns to the x-axis. If the upside-down Dyck path
is not the only part then the number of such left-to-right maxima is one
less than the number of returns for this part of the path.

These considerations lead to the following generating functions for this case:
When the upside-down Dyck path is the only part in the decomposition,
the final point of the path is counted as a left-to-right maximum and every
return to the z-axis in the upside down Dyck path is a left-to-right max-
imum. So these cases contribute towards the generating function of the
total.

A Dyck path can be decomposed as a sequence of raised Dyck paths with
generating function vz. The number of returns of Dyck paths to the xz-axis is
given by the number of raised Dyck paths in the sequence. To calculate this
we construct the arbitrary sequence of raised Dyck paths, where each one
is marked with the variable u. For this sequence we obtain the generating

function )

S 2.9
1 —uvz (29)
To get the total number of returns, we differentiate this with respect to u
and set u = 1. Finally we convert this answer to the v-world by substituting
z = 1357 as per equation (2.4). This yields

v? + vt (2.10)

For the case where the initial upside-down Dyck path is followed by a
raised Dyck path (and then by a bridge) the generating function is obtained
as follows. On the left we want the generating function for the number
of returns minus 1 of a non-empty Dyck path as we do not count the
last return as a left-to-right maximum. This is obtained by subtracting 1
from (2.9) and then dividing by u. This is followed by a raised Dyck path
generating function, vz and finally the Dyck bridge generating function,
U (2). Altogether, we obtain:

1 vz v222 142
— =1 —9 = 2.11
< > u > (2) 1—uvzl—0? (2.11)
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Again, v marks those returns to the z-axis which are left-to-right maxima.
To count these we differentiate Equation (2.11) with respect to u and then

set u = 1 to obtain

s

1—02
For the total number of weak left-to-right maxima we need to sum (2.8),
(2.10) and (2.12) which yields

202 222
= . 2.13
(1—02)>  1—4z2 (2.13)

(2.12)

Extracting the coefficient of 22" gives the required result. O

3 Dyck walks

Recall that Dyck walks are random walks starting at the origin in the right
half plane, where every step is u or d. Note that in this section the last
step is defined not to be a left-to-right maximum even if higher than all
previous peaks. E.g. uuduuu has one strict left-to-right maximum only.

AN
W W

Figure 3: Generic decomposition for a marked strict left-to-right maximum
M at height h 4+ 1 in a Dyck walk

Theorem 3.1. The generating function for the total number of strict left-
to-right mazxima in the set of Dyck walks of length n is given by

z(-1+224V1—1422)
2(1 — 22)? '

(3.1)

Proof. We begin with exactly the same decomposition as used in Figure 1
for the portion of the sketch from 0 up to the point C. Thereafter, (see
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Figure 3) we have an arbitrary unrestricted Dyck walk from C until the end
of the path at F' (at arbitrary height). Using Equation (2.6) the complete
generating function becomes

o 5 1 ’Uh+2
v _ = . 3.2
MO ()P g = o (32)
Summing this over A > 0 gives ﬁ In terms of z this becomes
2: (VI—422 — 1) 53
(VI—422+2:—-1)" '
which simplifies to the stated result. O

Corollary 3.2. The total number of strict left-to-right maxima in the set
of Dyck walks of length n is given for even n = 2m by

2
_g2m=2 4 m< m) (3.4)
m
and for odd n =2m+1 by
dm+1 (2m
_92m—1
o 21 (2m) o

Proof. We begin with the binomial series and its derivative:

n\ , 1
Z(n>z V11— 4z

n>0
n 2= .
=o\n (1 —4z)3/2
From this we get by combining terms
V1— 422 2 V1—4z2 2
22 ) (), Y g ) (7).
(1—22)2 n (1—22)2 n
Also from the binomial series, we obtain

[Z%}@ — (2”>’ [ZQ"H]@ — 2(2")

1-2z  \n n

1-2z
Using partial fractions (3.1) becomes

1+ 1 V1 — 422 V1 — 422
47 A(—1+22)  A(—1+22)2 " A(-1+22)
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Now we can read off coefficients:

o 1 VIi-422 | V1422
= ](4 T R T s F R T +2z)>

dm+1/2m 1/2m
:722m72 e - .
s () -300)

and
[z2m+1] 1+ 1 V1—422 V1—4z22
p -
4 4(-142z) 4(-1+22)2 4(-1+2z2)
2 1/2
- —22m_1—|—(2m+1)< m> - ( m),
m 2\m
which are the announced formulas, after combining terms. O

Remark 3.3. The generating function in (3.1) gives sequence A189391 in
[16], namely

22 ++vV1—422 -1

izt 32% +82° + 192* + 442° + 982° + 21627+

4672% + 100427 + 213420 4 452021 4 - |

One of the interpretations of this sequence in [16] suggested the following
result.

Proposition 3.4. There is a bijection on Dyck walks between the total
number of strict left to right maxima in the set of walks of length n and the
sum of the maximum heights of Dyck walks of length n — 1.

Proof. Let D be an arbitrary Dyck walk of length n — 1 and height h > 0.
For each r = 1,2,...,h, let D, be the marked Dyck walk D, where the
point at which D reaches height r for the first time is marked. The number
of such Dyck walks D, is precisely the height of the walk D. Let E be the
Dyck walk of length n which is the same as D except that a down step
has been inserted precisely, where D reaches height r for the first time. By
construction there is a strict left-to-right maximum in E at this point and
we mark this maximum and give it the name F,.. Define a function between
marked Dyck walks of length n — 1 and marked Dyck walks of length n by
sending each D, to E,. Firstly, this function is onto, because if E, is any
Dyck walk in the range set having a marked strict left-to-right maximum
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at height r, let Eg, be the marked path in the domain set obtained from
E,. by deleting the down step of the marked maximum and then marking
the end point of its up step. Again, by construction this new mark is the
first time that the underlying path reaches this height. Set D, = E4,. E,
is thus the image of this D, under the function defined above. Also, the
function is clearly one-to-one and thus constitutes a bijection between Dyck
walks of positive height and length n — 1 in which each first attainment of
a new height is marked, and Dyck walks of length n in which each strict
left-to-right maximum is marked. O

4 Weak left-to-right maxima in Dyck walks

We count weak left-to-right maxima in Dyck walks and obtain the following
theorem.

Theorem 4.1. The generating function for the total number of weak left-
to-right maxima in the set of Dyck walks of length n is given by

—1 44224+ V1 — 422

2(1 — 22)2 (4.1)

Proof. First, we do the special case of weak left-to-right maxima at height
h = 0. Left-to-right maxima at height h = 0 can only occur if we start with
an arbitrary (maximal) non-empty upside-down Dyck path. We decompose
these cases into three sub-cases as follows: the initial path can be followed
by (a), nothing; (b), a strictly negative non-empty Dyck walk; or (c), by an
up step preceding an arbitrary Dyck walk. According to the definition, all
left-to right maxima at height h = 0 must occur in the beginning upside-
down Dyck path. In the case where the upside-down Dyck path is followed
by a strictly negative walk, the number of left-to-right maxima (at level
h = 0) is the same as the number of returns to the z-axis. If the upside-down
Dyck path is followed by an up step or is the only part in the decomposition,
then the number of such left-to-right maxima is one less than the number
of returns for this part of the path.

These considerations lead to the following generating functions for these
cases: In case (a), we have to reduce the count on the number of returns to
the z-axis by 1 from each path because we count all returns to level zero

except the last. This is achieved by subtracting 1 for every Dyck path, i.e.,
1—v/1-422

subtracting 5z

in the generating function below. So, using (2.10)
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this is
Lo 4ot 1—1—422 1+2(1—\/1—422) 1—1—422
v v = — .
222 (1+ /17422)2 222

(4.2)
For case (b) we have

(v? + o) . 22(1_ L-42) v (4.3)

L—v (14 yT-422)" 10

since a strictly negative Dyck walk is in bijection with a strictly positive
walk which has generating function

D ot = T (4.4)

h>1

For the case (c), we have to reduce the count on the number of returns to
the z-axis by 1 from each path. This is achieved by subtracting 1 from each

Dyck path (i.e., by subtracting 1=%174=" 3;422 from the generating function) to

obtain
1—+1- 422> z v°

o = . (4.5)

1402+ ot —
Tt 1-2: (1-v)2

Next, we do case h > 1 as illustrated in Figure 4. In Figure 4, M is a
marked weak left-to-right maximum which occurs at height h > 1. A is the
last intersect on the z-axis that precedes M. C is the end of the d step
which defines M. Finally F is the end of the path (at arbitrary height).

" A/\M/\ A /\

Figure 4: Generic decomposition for a marked weak left-to-right maximum
M at height h > 1 in a Dyck walk
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We have an arbitrary unrestricted Dyck walk from C' until the end of the
path at F' (at arbitrary height). Using Equation (2.6) the complete gener-
ating function becomes

1 P (1 4 v?)
\Ijh(z)zchfl(z)zl — 9, - (1 — U)2 . (46)
Summing this over h > 1 gives
v2(1 +v?)
g 4.
=0y (4.7)

Now we combine all the cases using Equations (4.2), (4.3), (4.5) and (4.7).
Together these simplify to
vi(1+v)  —1+422+V1—422

1-v)3 2(1 — 22)2 ’ (48)

as per the theorem statement. O]

Using the formula (4.1) derived earlier, we get the coefficients as per the
corollary below:

Corollary 4.2. The total number of weak left-to-right mazxima in Dyck
walks of length 2m or 2m + 1 is

[sz]_l + 422 + /1 — 422 _ _oom 4m +1 <2m>’

2(1—22)2 2 m

2t L E 1AV AZ e 22m + 1) 2"
2(1 —22)? m )
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